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PREFACE 



The writing of this book was originally undertaken 
as a result of a course of lectures given by the author, at 
Trinity College, on electro-chemistry and allied subjects, 
which seemed to demand a preliminary course of thermo- 
dynamics, where the general principles should be estab- 
lished, certain useful equations derived, and a few simple 
applications discussed, as a preparation to the real 
subject of the lectures. In looking over the field of text- 
books in EngHsh treating of thermodynamics, in a broad 
spirit, without especial concentration on the steam- 
engine, it was a surprise to find none of recent date that 
could be said to do this in a form simple enough for 
the average undergraduate. The admirable treatises of 
Planck and Bryan are written for more advanced 
students, and could hardly be plaiced in the hands of 
those whose knowledge of heat does not extend beyond 
a general course in physics, and who have but the ele- 
mentary notions of the calculus. It is for such students 
that this book is written; those whose training goes 
about as far as that of the audience Maxwell was address- 
ing in his splendid treatise on heat. In fact that treatise 
was continually in my mind as I wrote, and I have 
attempted to put the subject before my readers in a 
similar spirit, but of course in more modern form, and 
with the aid of the elementary calculus, which Maxwell 
did not feel justified in using. 

Thermodynamics will always be a difficult subject. 



IV PREFACE 

but for some time I have felt that it could be made easier 
by a treatment in which the mental unripeness of the 
undergraduate reader should be kept constantly in mind. 
A book written in such a spirit must follow certain 
general principles which will be admitted, I think, by 
every one who has taught the science. For instance, 
steps in the logical development of an equation or proof 
should not be omitted, however obvious they may seem 
to the author. The language used should be as clear 
and vivid as possible. Concrete illustrations should be 
largely employed in explaining such inherently difficult 
conceptions as entropy. Philosophic discussions of a 
purely theoretical interest, and a multiplicity of equa- 
tions and symbols, introduced for the sake of absolute 
generality or mathematical rigor, should be either left 
out altogether, or only hinted at, as a preparation for a 
more advanced study of the same ground. Finally, 
from cover to cover, the text should follow an obvious 
sequence of ideas arranged along a central thread easily 
to be seen by the student; so that the various topics 
discussed should not seem like a disconnected exhibition 
of mathematical gymnastics, but a logical development 
of a marvellously systematic science. 

In this brief treatise, I have attempted to follow these 
principles; and further have made no attempt to evolve 
peculiar or strikingly original methods of presentation; 
no unusual notation or phraseology has been adopted, 
and the traditional method of treatment has been 
followed, whenever it did not seem antiquated or un- 
necessarily obscure. It is possible that the ehmination 
of the more purely philosophic side of the subject may 
have left the book a little pedantic and dry; while the 
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repeated explanation of what will seem to many, obvious 
steps, may produce an effect of monotony. I hope, 
however, that these drawbacks will be found justified 
by increased simplicity, clearness, and directness at 
which I have constantly aimed. If the attempt has 
been successful, such a book ought to be of use in pre- 
paring a class for a more profound study of thermodyna- 
mics from an author like Gibbs. It ought also to be 
useful as an introduction to all branches of physical 
chemistry, which can hardly be taught to-day without 
at least an introduction to thermodynamics. And, 
thirdly, it could be used, I hope, to advantage, as a short 
preliminary course, before plunging the technical student 
into one of the massive treatises on the steam-engine. 
If used in this way, some portions, such as the paragraphs 
on the gas thermometer, phase rule, etc., could be 
omitted to gain time, but even when thus abridged, I 
believe the book would result in giving the student a 
firmer grasp of the subject he is to specialize in, because 
of the wider outlook with which he would face the prob- 
lems of his profession. 

In conclusion I wish to express my grateful apprecia- 
tion to Professor Lynde P. Wheeler of Yale University 
for his friendly assistance. His acute criticisms and 
scholarly suggestions have been of the greatest value to 
me in the preparation of this book. 



Trinity College, Hartford, 
November 2, 1911. 
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AN INTRODUCTION 

TO 

GENERAL THERMODYNAMICS 



CHAPTER I 

GENERAL HEAT RELATIONS 

Definition of the Subject. — Thermodynamics is the 
science of heat regarded as a form of energy, and its 
relation to all other forms whether mechanical, chemical, 
or electrical. It embraces transformations that involve 
the production, destruction, or transfer of heat, as well 
as the mechanism by which that transfer is effected. 
Thus the theories of solutions, thermoelectricity, 
electrochemistry, radiation, conduction, and convection 
all come within its scope, although they are not always 
treated from the thermodynamic standpoint. 

Other Definitions. — Certain terms are of such frequent 
use in thermodynamics that it will be well at once to 
define the most important before proceeding to discuss 
the fundamental laws of the science. 

Heat is a property of a body known only by its effects. 
These may be perceived directly by the senses, as when 
we touch a hot body, and experience the sensation called 
heat; or indirectly, as when we see the mercury ascend 
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in a thermometer when the bulb is wanned. Heat is 
now known to be a form of energy due to the motion of 
the molecules of the heated body. 

Temperature is the thermal state of a body which 
determines its relative hotness or coldness, and therefore, 
as will be seen later, determines the direction in which 
heat will flow between two bodies. It may be regarded 
as a measure, or consequence of the mean kinetic energy 
of the molecules that compose the body. 

Quantity of Heat. — When a body absorbs heat without 
the performance of external work, either its temperature 
rises, or it changes its state of molecular aggregation, or 
both. The amount of such changes depends on the 
total quantity of heat added to the body. This quantity 
may be defined by aid of the rise of temperature when 
the body is not otherwise altered by the heat. The 
unit of quantity is the calorie, which is a quantity just 
sufficient to heat one gram of water from 14.5° C, to 
15.5° C. This interval is chosen because it gives the 
same value to the calorie as the average quantity per 
degree between 0° and 100°. Quantity of heat may also 
be defined in terms of energy, or joules, as will be seen 
later. 

Change of State is a transformation involving a re- 
arrangement of the molecular structure of the body, as 
when ice melts, or water boils. 

An Isothermal Change is one during which the tempera- 
ture remains constant. 

An Adiabatic Change is one during which no heat 
enters or leaves the body. 

Notation. — Wherever such a distinction is significant 
we shall hereafter use the large letters to signify the 
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whole value of a certain quantity, and the small letters 
to signify its intensity or specific value. Thus p will 
denote force per unit area, or pressure; V will denote 
total volume, v volume per unit mass; referring to 
quantity of heat, Q will denote the total quantity and q 
the quantity per unit mass, etc. 

As to the temperature it will be understood that T 
refers to absolute temperature on a scale having loo 
degrees between the freezing and boiling points of water 
under standard atmospheric pressure; t (centigrade) re- 
fers also to an absolute scale (independent of the proper- 
ties of any particular substance), but having a zero at 
the freezing point of water. 

Quantities that Determine a Body's Behavior. — ^When 
we begin to examine the effect of heating a body, we 
notice certain obvious and immediate consequences of 
such heating, such as rise of temperature, change in 
volume, etc.; but bodies differ very much with regard 
to their behavior when heated, and we are thus led to 
a study of those quantities by which a body's thermal 
characteristics are determined. A preliminary investi- 
gation of such properties may be conducted without 
making any assumptions as to what heat is, or even 
postulating any laws as to its behavior. We rieed only 
discuss the conditions under which a body receives heat, 
and the immediate consequence of such heating as re- 
gards its external characteristics. This gives rise to 
the definition of three groups of coefficients, by 
which a body's behavior may be predicted. They 
are the calorimetric, thermometric, and thermoelastic 
coefficients. The first of theSe groups is concerned 
with a body's capacity for heat under various circum- 
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stances, the second with the effects produced in 
it by changes of temperature, and the third deals 
with its mechanical properties, such as elasticity, 
compressibihty, etc., with or without transfer of 
heat. 

Quantities" that Determine a Body's Condition. — 
In order completely to define the state of a body, it is 
not enough to know its temperature. We must also 
know certain other quantities, as, for instance, the 
external pressure acting on its surface, its specific volume, 
internal energy, etc. Such quantities are clearly variable 
with the body's state, and are not characteristic coeffi- 
cients like those discussed in the last paragraph. Now, in 
order that the relations between these defining variables 
may be handled without too great difficulty, it has been 
found necessary to limit the discussion to bodies whose 
states are completely defined by three quantities, and 
these three quantities must be so related that a deter- 
mination of any two, which may be chosen as independ- 
ent variables, enables us to calculate the third. This 
postulate fortunately is true of an immense number of 
actual bodies and systems of bodies, and conclusions 
based on this postulate are therefore true for all such 
cases. 

But it must not be understood that even the majority 
of cases can be so easily described. The complicated 
states of living tissues doubtless need many determining 
quantities to describe them. As a fairly simple illustra- 
tion of a body that is not completely defined by three va- 
riables, we may take an electrified soap-bubble which 
would only be completely determined if we knew the 
amount of the charge, the temperature, volume, and pres- 
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sure of the enclosed gas, and the surface tension of the 
soap mixture employed. Of these five variables, three 
are independent, and the remaining two obtained 
from the known laws of gases, surface tension, electro- 
static repulsion, etc. In what follows, ho\vever, no 
such comphcated cases will be discussed and we shall 
assume that the condition of a body may be completely 
defined by the three most important variables; p, the 
pressure, v, the specific volume, and t, the temperature. 
Moreover, since a knowledge of any two is sufficient to 
determine the third, we may regard these variables as 
interrelated by a function which is also supposed known, 
and whose exact form will be discussed farther on. For 
the present it will be sufficient to express it symbolically 

f(p,v,t)=o . . . (l) 

These three variables are not the only three that might 
be used to describe a body's state. The total quantity 
of heat it contains could be chosen in place of one of 
them, and we shall later describe others that might be 
used with equal validity. However, the three mentioned 
above are the most fundamental, and will be largely 
employed in this discussion. 

Less than Three Variables. — There are certain special 
cases where two or even one quantity may completely 
define a body's or system's condition. Dry saturated 
steam is wholly determined if we know its pressure and 
temperature, and, as these two quantities are connected 
by a relation obtained by experiment, we have only to 
know either one in order to find the other in the tables 
compiled from experimental data. 

" Heat Capacities." — Since, in general, two of the 
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three variables must be known to define a body's state, 
the change effected in it when it is heated must be 
expressable in terms of two variables and two coefl&cients 
characteristic of the particular body examined. These 
coefficients come under the head of the calorimetric 
coefficients already discussed, and are known as heat 
capacities, or thermal capacities. We may thus state 
the perfectly" general relation d Q=Ada + Bdb, 
which expresses the effect of adding d Q joules of heat 
to the body whose calorimetric properties are defined by 
the coefficients A and B, and whose state is changed by 
infinitesimal increments of the variables a and b. Con- 
fining ourselves to the three variables already selected, 
three such equations, taking the variables two and two, 
are possible. They are : 

dq = 7id p + \dv (2) 

dq = Cdt + hdp (3) 

dq = cdt -\- Idv (4) 

The coefficients i), X, C, h, c, I are the six capacities, and 
a large part of the business of thermodynamics is their 
determination in terms of measurable quantities, and 
a development of their relations to each other and to 
various other functions. 

Expansion of f (p, v, t). — The equation relating 
the three fundamental variables may be regarded as a 
fourth, in addition to the three just set down, and by 
its aid we may express any one of the six coefficients in 
terms of the others. To do this/ {p, v,t) =0 is expand- 
ed as follows : The differential of any one variable of a 
function involving three, may be expressed in terms of 
the differentials of the other two thus: 
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^'" = Tt^^^Jp^f ... (6)!^ (i) 

dt = —dp + — dv. . . . (c) 
5 p dv ^ ■' 

Sp 
where — , etc., are partial differential coefficients, assum- 
ing the third quantity constant. They might be written 
(dp\ (dp\ 

V^^.=«„.,a„<. °' '™P^y W^- '^^^ geometric meaning 
of such equations is that when the body's condition 
is completely determined by three variables, its various 
states can be represented by 
points on a surface having the 
three variables as co-ordinate 
axes. It follows that the com- 
ponent of an infinitesimal motion 
on the surface parallel to any one 
axis may be taken in two steps p 

each in a plane defined by that 
axis and one of the other two. Thus on the p t plane 
where d is a constant, if we pass along the projection 
of the thermodynamic surface from a io b, the compo- 
nent of that motion in the direction of pressures is ob- 

bp 8 p 

viously given by — di, while T—dv expresses a similar 
t V 

step in the p v plane. The equations (a), (&), (c) are 
simply different expressions of the fundamental re- 
lation/ (p, V, t) = o; thus there are only four available 
equations to determine six unknown coefficients; hence 
at least two of the thermal capacities must be known in 
order to solve for any one. 
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Relations Between the Thermal Capacities. — The 

solution proposed above is readily made. Taking 
equation (4), for example: 

d q = c d t + I dv; 

substitute for dv from its expansion in (&), giving 



/Sv Sv \ 

d q = c d t +' I [-— d t + —— dp j , combining terms of 
\ 1 op' , 

( hv\ hv 

the same variable, dq =\c + 1 —j di + l — d p. But 

by equation (■3), 

dq = Cdt + hdp. 

Equating the coefficients of like variables, we have 

^ , 5 z) , , Sv 

C = c +1-— and h = /-— ;. 

81 8 p 

The first of these is the more valuable relation, and five 
other similar ones may be obtained in exactly the same 
manner. These six equations are : 

■ . (5) 

.... (6) 

(7) 

... (8) 

.... (9) 
. . . (10) 



X ■■ 


= /- 


sp 
■'hv 


V = 


= h- 


^n 


C ■■ 


= c ~ 


-ff 


h = 


■■ 7) — 


Si 


/ = 


= X - 


-'Tv 


c = 


= c - 


5t 
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In addition three other relations of the second type are 
obtainable, and are occasionally useful; 



bt 



'' = ^,p- ■ 


■ . . (ii) 


Sv 


. . . (12) 


5p 


• ■ (13) 



Significance of the Capacities. — In order to obtain a 
clearer idea of the exact significance of the thermal capac- 
ities, take equation (3) and suppose the heat J g is added 
while the pressure is kept constant; then dq = Cdt, 

because d p = o, ot C = (-jjj , that is C is the rate at 

which a body absorbs heat per degree rise of temperature, 

at constant pressure. This is nothing but the familiar 

specific heat at constant pressure, so much used in the 

• /'^?\ 

study of gases. Similarly c = \-fj) , or the specific 

heat at constant volume, while / = (-f-J , which is the 

specific heat per unit volume at constant temperature, 
and is thus closely connected to the "latent heat" of 
such processes as fusion, during which / remains con- 
stant. The other quantities, such as ?; = (t~ j , etc., 

have no familiar names, but are of great importance in 
the theory of thermodynamic transformations. 

Graphic Representation of the Thermal Capacities. — 
This is effected by the use of isothermal and adiabatic 
lines on the pressure-volume diagram. An isothermal 
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Fig. 2. 



line, as the name implies, represents the relation between 
the pressure and volume of a body while it undergoes a 
succession of changes at constant temperature. An 
adiabatic line represents a similar relation, but on the 

condition that no heat 
enters or leaves the 
body during the trans- 
formation. 

Let T and T + dT 
be two isothermals in- 
finitely close together. 
Let AD be an adiabatic 
line; let AB represent 
a line of constant pres- 
sure, and AC one of constant volume, or an iso- 
metric. The equation of the adiabatic on the p v 
diagram is obtained by setting d q = o in equation 
(2), then ■ridp+\dv=o. In going from A to 

B, a.s d p = o, equation (3) becomes \-ri) = + C, 

which is the heat absorbed during this isopiestic 

(d q\ 
transformation. In going from A to C, \-rr) = + c, 

which is always smaller than C; and from A to D, we 

have ( -77 ) = o, since no heat is either absorbed or 

rejected. Thus as we pass from A to points farther and 

dq 
farther to the left, the specific heat -r- continually 

diminishes, and becomes zero when the adiabatic A D 
is followed, but if we pass to a point E still farther to 

d q 
the left, -3-7 must become negative, which means that 
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heat is taken from the body during such a transformation. 

More useful expressions for -7^, and a discussion of the 

a t 

slope of both isothermals and adiabatics will be taken 

up farther on, — but enough has been said to give a fairly 

clear conception of the meaning and importance of the 

thermal capacities. 

Thermo-Elasticity. — Instead of expressing a trans- 
formation with reference to the heat absorbed or rejected 
by the body or system of bodies, we may take account 
of the change in volume or pressure as the principal 
effects, thus giving rise to thermometric and thermo- 
elastic equations. 

Let «„ = the coefficient of dilatation of the substance 
at constant volume. At the pressure p, by definition 



I (dp\ 



Let "p = the coefficient of dilatation at constant 



pressure. At the volume v, by definition, 

fd v^ 



^(dv\ 
V \dt). 



Let £7- = the modulus of elasticity at constant 
temperature. By definition 

in which the minus sign indicates that increasing 
pressures are associated with decreasing volumes. 

Let Es = the modulus of elasticity when the change 
in volume takes place adiabatically. Then by definition 



E, 



\dv' , 
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Further denote the reciprocal of Ej by 77-, or simply by 7, 

then 7 = TT-, and the reciprocal of E^ by 7,, these quan- 

tities being the isothermal and adiabatic compressibilities 
respectively. 

Now we have already seen that in general 

dv = —d p + — dt, dividing by v 

dv dv Sv 

— = — -— d p + — — ; d t, or 

d V , , , ■. 

— = - ydp -{- apdt (14) 

If V is constant, then — y d p + ap d t = o, hence 

[dt = ^dp'] .... (is) 

fdv , ~\ 

If p is constant, then [_ — = apdt\ , or 

[^/=^] .... (16) 

\ (dp\ , 
But by definition a„ = -tK-tt) , hence combming with 

(15) and remembering that 7 = ^^ we obtain 

«« = — ^ (17) 

Another valuable relation which connects E^ with 
Ej is derived as follows : When no heat enters or leaves 
the body, dq = o, and equation (2) gives [ri d p = —\dv], 
(dp\ X 



or 



W v' s V 
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by (12), X = Cyj^j . Further, from expansion (c) of 
equation (i), we have 

hence, at constant temperature 

(dp) ^ _ (dt\ (dp\ 

Making these substitutions, we obtain 

when K is the ratio of the specific heats. 

General Expression for Specific Heat. — By the aid of 

the thermoelastic and thermometric coefficients we may 
obtain a general expression for d q/d t, the specific heat 
of any transformation whether at constant pressure, 
constant volume, or any other type. The transforma- 
tion can be effected in two steps as has already been 
shown. Let the steps be chosen first at constant pres- 
sure, and second at constant volume, then 

dq = C5h+cSt2. . . . (i) 

But at constant pressure, by equation (16), S ^ = — -, and 

y 
at constant volume, from (15), 5 fe = — 5 p, hence, sub- 

stituting in (i), 

iq^c'^ + cy'-^. . . . (18) 
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But the total differential is equal to the sum of the two 
partial differentials or dt = 5^ + 54, hence 

Sv bp 

rf / = -— + 7— 



(19) 



thus giving the specific heat 

„bv cy 5p C fjy 5^ 

d q (Xj,V OLp apV Up 5 V 

dt _5j^ 5^ ~ I . y Sp 

apV Up oipV dp b V 

This is a homogeneous function in bp/bv and can 
always be solved if the various coefficients are known. 

Other general equations for the specific heats like 
(18) can also be obtained as follows: taking equation 
(3) or dq = Cdt + hdp, substitute the value of h 
obtained from (7), and divide by d t, giving 

di ^ ^^ '^>bpdt 

bt 7 
but from (15) -— - = — hence 
bp ap 

-T7 = C-(C-cj— -77. . . (20) 
dt ap d t ^ ' 

Similarly starting with (4) it is easy to derive 

dq bt dv 

-it=c + {C-c)~jj 

and this reduces to 

d q , ^ dv 

-rf =c+ C-c ^ . . . (21) 

dt V oLpdt ^ ' 

Slope of Adiabatics. — By the aid of the thermoelastic 
equation (18) we may examine the relative steepness of 
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isothermals and adiabatics on the pv diagram. Thus: 

, ^dl) Cy 
dq = C + ~dp 

apV Op 

but if the curve is an adiabatic, dq ^ o and 



C-^-l=_i2,^,hence^=-^^ 
oipV ap ^' dv V c 




which is the tangent to an adiabatic at any point de- 
termined by V. Since there is one such tangent for each 
value of V, it follows that a line of constant pressures 
must cut an infinite number of adiabatics, none of which 
can intersect. When C, c, and 7 are all positive, d p/d v 
is negative, and the 
curve is like the adia- 
batic A D in Fig. 2. 

As has already been 
pointed out, if we 
move from one adia- 
batic toward another 
higher in the series, as 
from A to any other 
point to the right of D, heat must be added, but, de- 
scending the scale of adiabatics, heat must be with- 
drawn to effect the transformation. Thus if the p v 
surface be mapped out in a series of adiabatic lines, we 
can tell at a glance whether any assigned path involves a 
gain or a loss of heat. For instance, if the system of 
similar curves in the figure (3) are adiabatics, then a 
body whose pressure and volume vary according to the 
curve ABC will be absorbing heat from A to B, and 
rejecting it from B to C. 

Slope of Isothermals. — In this case take equation 



Fig. 3. 
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/7 m ly 

(14), — , = — ydp + Opdtjhy transposing, dt = — dp 

dv (dp\ 

A , but <^ / =0 for an isothermal change, hence l t" / 

a^v' \dv' T 




E-, 



which is 



Fig. 4. 



the tangent to any 
isothermal for any 
value of V. Thus it 
is evident that the 
p V diagram may 
^ also be mapped 
out in a system 
of isothermals in an ascending scale of temperatures, 
none of which intersect, as was true also of the adiabatics. 
Comparison of Adiabatics and Isothermals. — The 
ratio of the slope of the adiabatic to that of the isother- 
mal for the same value of v is 

_ CEt / Et _ £ 
vc/ V c ' 

But it is known that C > c both from experiment 
and theory, hence 



C 



> I , which means 




that the adiabatic 
lines are steeper 
than the isother- 
mals. We may 
now map out our 
plane with a net- 
work of isothermals and adiabatics, and find by the 
course of any path whether a body is gaining or losing 
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heat, or gaining or losing temperature, at any point 
along the transformation so represented. Thus in Fig. 
4, the curves t, t, t are isothermals and a, a, a are 
adiabatics. A transformation that carries us from an 
isothermal toward one higher in the scale obviously 
means an increase of temperature, and if the slope of 
such a transformation is also greater than that of the 
adiabatic at the same point, there will be an absorption 
of heat at the same time. But if the curve repre- 
senting the transformation has a slope between that of 
the isothermal and the steeper adiabatic, then the 
temperature is increasing while the body rejects heat. 
The various cases may be illustrated thus: starting 
from the point P, on Fig. 5, if we move into 

the region i,dq>o, dt>o 
the region 2, dq < o, dt > o 
the region ^, dq<o, dt<o 
the region 4, dq>o, dt<o 



CHAPTER II 

THE FIRST AND SECOND LAWS OF THERMO- 
DYNAMICS 

In order to extend our field of inquiry to cover the 
relations between heat and work, it becomes necessary 
to make some assumptions concerning the nature of heat. 

Without going into the long series of experiments 
th3.t led up to the modern view, it will be sufficient to 
say that, as a consequence of the overwhelming mass of 
evidence, heat is now known to be a form of energy, 
and the first law of thermodynamics is a statement of 
this principle; or that heat and work are transformable 
into ea,ch other, and that when sucli a transformation 
takes place, there is an exact proportionality between the 
energy of the kind that disappears, and the energy of the 
other kind that is produced at its expense. It is really a 
special case of the law of the conservation of energy 
which states that the total amount of energy in the 
universe is constant, and that it is only possible to effect 
transformatioits between the various forms in which 
that energy may exist. The first law, however, really 
goes further, for we know from the data that proved 
this law, that mechanical work can be entirely converted 
into heat. As to how much heat can be converted into 
work, we are unable to say from data offered as evidence 
of the truth of the first law, which only affirms that 
when such a transformation does take place the pro- 
portionality still holds true. 
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Joule's Equivalent. — The numerical constant connect- 
ing heat energy as expressed in calories, and mechanical 
energy as expressed in joules, is known as "Joule's 
Equivalent," although it has been much more accurately 
measured since Joule's classic determination in 1843. 
Possibly the most accurate of recent determinations is 
that of Reynolds and Moorby, 1898, giving 4.1845 as 
the value of this constant, to be designated by the letter 
/. Taking account of various other observers, however, 
4.185 is considered a better value. The meaning of 
this quantity is that one calorie of heat is equivalent 
to 4.185 joules of mechanical energy. Thus if Q units 
of heat are converted into work, we may write J Q = W, 
where Q is expressed in calories, W in joules, and / is 
the constant of proportionality, or Joule's equivalent. 

Suppression of J. — In what follows J will not always 
be introduced in the analytic development of thermo- 
dynamic relations; for, being merely a numerical constant 
of zero dimensions, it is readily reduced to unity by a 
suitable choice of either of the systems of units. There- 
fore if heat is measured in joules instead of calories, 
/ = I, and the first law of thermodjoiamics may be 
written Q = W instead olJ Q = W-, where Q is measured 
in calories. It is only when one wishes to make numeri- 
cal computations that it is necessary to express heat in 
calories. . This is because the experimental values of 
the calorimetric constants are all referred to the calorie 
as the unit of heat, rather than to the joule; but in any 
equation it is easy to distinguish between such terms, 
and those that are measured in units of work, and they 
are readily reduced to a common scale by properly 
introducing / into the equation. 
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Intrinsic Energy. — According to the first law, when 
heat is converted into work, the work done is propor- 
tional to the heat that disappears in doing it. This 
does not mean, however, that all the heat supplied to 
a body can be converted into work; in fact this is never 
the case, and a portion of the heat supplied is concerned 
with raising the temperature of the body, or changing 
its molecular structure, or both. The changes thus pro- 
duced in a body which do not result in external work 
are said to change its intrinsic energy. Intrinsic energy, 
therefore, is the energy a body contains by virtue of 
its temperature and molecular structure, or the sum of 
its internal kinetic and potential energies. This quan- 
tity will be denoted by U and u, according to whether the 
whole body is meant, or only a gram mass. 

Whenever heat is supplied to a body the preceding 
principle is expressed by the perfectly general and 
fundamental equation, 

dQ = dW + dU . (22) 

or the heat added is equal to the sum of external work 
done and the change in intrinsic energy. 

The sign oi dQ is positive when the body or system 
considered receives heat; dW is positive when the 
system performs external work, and is negative when 
work is done- upon it; d U is positive when there is a 
gain in intrinsic energy. 

Special Cases. — This equation has three special cases. 

(a) When the final state of the body is the same as 
its initial state. Then dQ = dW, which means that 
all the heat has been converted into work — a result 
impossible in practice. 
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(b) When no external work is done, as, for instance, 
when a body is heated in a vacuum. Then dQ = dU, 
and all the heat appears as intrinsic energy. 

(c) The third case is when no heat is supplied at all, 
or dU = — dW, which occurs when work is done at 
the expense of the intrinsic energy; or, in case the 
transformation is in the opposite sense, all the work is 
converted into heat (or equivalent molecular change), 
as when a body is heated by friction. In this latter 
sense case (c) states the first law of thermodynamics in 
its most obvious form, as determined directly from 
experiment. 

Hydrostatic Pressure. — In equation (22) the work 
d W may be done against any kind of opposing force, 
but there is a case of particular interest which arises 
when the work is done against a uniform pressure that 
acts normally to the expanding surface. In this special 
case dW = p dV, where p is the force exerted per unit 
area, and dV is the change in volume of the expanding 
body. Generally we shall write dw = p dv, when v 
is the specific volume. This special case is so common 
in the discussion of the principles of thermodynamics, 
that, unless otherwise stated, it will be assumed that the 
body under discussion is subjected to a uniform normal 
pressure. Since a pressure so defined is the kind con- 
sidered in hydrostatics, the specification may be short- 
ened to simply "hydrostatic pressure." 

Exact Differentials. — This assumption as to the 
pressure results in a most important simplification of 
many calculations, but even so, when dw = p dv, the 
expression can only be integrated if we know the relation 
between p and v during the particular expansion con- 
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sidered. In other words we must know the path 
followed in order to evaluate the integral / p dv; 

hence dw is not an exact differential. 

However, d U (and, of course, d u) is an exact differ- 
ential, because the intrinsic energy of a body depends 
on its molecular condition only, and is independent of 
the manner in which that energy was gained, hence, if 
we know the intrinsic energy corresponding to two 
different states of the same body, their arithmetical 
difference is the energy gained regardless of the path 
followed; i.e., j dU = U2 — Ui which is the property 
of an exact differential. But since d U is exact, while 
d W is not, d Q cannot be exact either, as is readily seen 
from equation (22). 

Special Case. — There is, however, one special case in 
which d Q may become an exact differential. This is 
when d W = o, or 3i process during which no external 
work is done. Then dQ = d U, and it must then be 
exact since d U isso always. 

Closed Cycles. — If we perform a closed cycle of 
operations on any body; 
that is, bring it back to its 
initial state, then \ dU = o 
taken around the cycle; hence 
J jd Q = jd W. This 

equation indicates that any 

Pjg g ^ closed cycle of operations 

may serve as a means to 

evaluate / provided J dw = J f dq ca^n he measured 

over the cycle. Certain simple cycles may be used as 
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an illustration of this principle, and as a means of de- 
riving several useful equations. For instance, suppose 
we start at the point P and perform an infinitesimal 
rectangular cycle in a clockwise direction. Then, in 
general d q = r] d p + \dv where 17 and X are the 
capacities at the point P. Hence, during the first step, 
at constant volume, 

d qi = r) d p 

during the second step, at constant pressure, 

dqi=\\ -\- —dpjdv 

during the third, at constant volume, 

dq3= -{v + jldv) dp 

and during the fourth, at constant pressure, 

d qi = — \dv 
In addition, we have 

dw = d p dv = J dq 
Summing up over the cycle, 

^^^=\rp-rv)'^^'^' 

or 

from which / could be calculated if the partial deriva- 
tives are known. 

A similar process may be pursued, using a cycle 
bounded by isothermals and lines of constant volume. 
In this case, any change in q is given hy d q = c d t + 
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I dv, where either z; or / is constant. The four in- 
finitesimal changes are: 

at constant volume d qi = c d t 

at constant temperature d q^ =(/ -\- — dtj dv 

at constant volume d qs = —\c + -—dvjdt 

at constant temperature d qt = — I dv 

f SI 5c\ ^ ^ ^ 
therefore Srfo =l-r7 —jdvdt. 

3 p 
But the area of the cycle is given hy d v -—d t = dw = 

t 

(^ 7 (f — \ jj 1. 

— - — -^) dvdt = dv-r-dt, or 

^(l^-a=ff ■ • • (-> 

A third case is when the cycle is bounded by isothermals 
and lines of equal pressure, which, by an exactly similar 
process, yields 

^(8h SC\ Sv , , 

^\Tt-W^ -Tt ■ ■ ■ ^^s) 

Graphic Representation of U, Q, and W. — The 

integrals of the change of intrinsic energy, the heat 
absorbed (or rejected), and the work done during any 
transformation can be represented graphically, as 
Rankine has shown, in the following manner: 

Suppose we carry a body from A \.o B following any 

path. The external work J dW \s, clearly given by 

the area A B b a which is the integral oi p dv over the 
path A B. The total intrinsic energy at A is represented 
by the area enclosed between an adiabatic A a produced 
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until it touches the v axis, and the axis itself; because 
if such a body expanded adiabatically until the pressure 
were zero, it would 
have expended all its 
intrinsic energy in 
external work, and no 
more work would be 
possible at a point 
where p = o. Simi- 
larly the total intrin- 
sic energy at B is 
represented by the 
total area between the 
adiabatic B /S and the i 




Fig. 7. 



energy in passing from 



axis; hence the gain in intrinsic 
A to B is f cLU^Ub-Ua 



and is represented by the area fi B b a A a. Thus, be- 
cause, as we moved from A to B, there has been a gain in 
the intrinsic energy, dUis positive. Also, since we moved 
from large to smaller volumes, and from low to higher 
pressures, it is evident that the body was compressed; 
hence dW is negative. FinallyJ dQ— ■fjdW + jdU = 
area A B fi a, which means that heat was added to the 
body simultaneously with the compression, and both 
causes united to increase the intrinsic energy. 

If the direction had been from B to A it would mean 
that positive work proportional to b B A a had been 
done at the expense of intrinsic energy, and heat, pro- 
portional to aABp had been taken from the body. 
Similarly we might study the case when A B slopes 
the other way (see Fig. 8). Now, in passing from A to 
B, positive work would be done by the body by virtue 
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of its expansion against an increasing pressure. There 
would also be a gain in intrinsic energy, and heat would 
have to be added to the body. Or, if we go from B to 
A, all these three quantities would be negative. The 

representation by 
areas in this case, 
however, is not so 
clear owing to their 
overlapping. 

Summary. — We 
have so far made 
but two assumptions 
that are not inherent 
in all mathematical 
discussions; the fundamental assumption of the conser- 
vation of energy, and, the assumption that the state 
of the body is completely defined by three quantities 
of which two are independent variables. So far 
we have chosen p, V and t as these quantities. This 
was, however, not necessary. We might have chosen 
p, V and U instead, and / could have been represented 
as an area, just as we have represented U. In the 
succeeding chapters other quantities will be defined 
that may also be taken as independent variables. 

THE SECOND LAW OF THERMODYNAMICS 



Fig. 8. 



We have already seen that the First Law of Thermo- 
dynamics says nothing as to the amount of a given 
quantity of heat it is possible to convert into work. . In 
order to arrive at a definite conclusion on this point, it 
will be necessary to make one more fundamental postu- 
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late with regard to heat. The Second Law of Thermo- 
dynamics (as this postulate is called) is concerned with 
the behavior rather than the nature of heat. It may 
be stated in a variety of ways, but the one that presents 
it most vividly to the mind, though not historically the 
first to be formulated, will be given here. 

Clausius' Statement. — This clearest statement is due 
to Clausius who announced that — "It is impossible for 
a self-acting machine, unaided by any external agency, 
to convey heat from one body to another at a higher 
temperature." This might be paraphrased thus: heat 
cannot flow unaided from a colder to a hotter body, but 
it tends invariably to seek lower levels of temperature. 

The second law rests on our experience for its verifica- 
tion, but, unlike the first, it cannot be said to be derived 
from direct experiment; however, its acceptance has 
never led to incorrect conclusions, it has always been 
verified indirectly by experiment, and we are therefore 
bound to consider it as proved, even if it cannot be 
rigorously estabhshed either by a priori reasoning or 
direct experiment. Boltzman and Gibbs, indeed, have 
shown as a result of statistical methods that such a 
generalization is legitimate, considering that we deal 
with matter in large aggregations of molecules. In the 
same way it would be legitimate to formulate vital 
statistics as laws, provided we are deahng with a com- 
munity numbering many millions, but in a village of 
a few hundred inhabitants, we should not be justified 
in so doing. From Clausius' statement of the Second 
Law, we can derive it in another form, called " Carnot's 
Principle," although really Carnot preceded Clausius 
in his formulation of this principle; and in Carnot's 
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form we shall find an answer to the question as to the 
availability of heat for the performance of useful work. 
Before proceeding, however, to obtain Carnot's principle, 
it will be necessary to make some preliminary definitions, 
and describe "Carnot's Cycle." 

Reversible and Irreversible Processes. — ^Whenever a 
certain succession of changes is made in the conditions 
that affect a body, that body will, in general, experience 
a corresponding succession of effects. Now, if the 
causal changes are reversed and produced in inverse 
order, and if the resulting effects are also followed 
through in inverse order, thus bringing the body back 
to the exact condition from which it started, by the 
same path retraced, then the process is said to be a 
reversible one. As an example of an approximately 
reversible process we may consider stretching a long 
helical spring, and then allowing it to return to its 
original form. 

If, however, when we wish to return the body to its 
original condition, we are unable to do so by a succession 
of changes exactly similar to the original, the process 
is irreversible. An extreme case would be the explosion 
of a charge of gunpowder, when the resulting gases 
cannot be brought back to the original form at all. But 
there are many irreversible processes where the original 
state can be recovered, though by a different path. This 
is true of all actual approximations to reversible processes, 
for friction always enters in and destroys complete 
reversibility. For instance, in the case of the helical 
spring cited above, as a result of the stretching an im- 
perfectly elastic body, a minute amount of heat will be 
developed and dissipated, which is not returned to the 
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wire when it recovers its original shape, hence the 
process is not exactly reversible. 

Reversible and Irreversible Cycles. — Suppose, instead 
of simply carrying a body from one state to another by 
means of a certain series of changes, we carry it through 
a succession of changes until it is brought back to the 
starting point, without, necessarily, having retraced 
any of the steps. Such a series of events is called a 
cycle. The case of the hehcal spring is a cycle, but 
there are cycles also where no steps are retraced, and yet, 
at the end, the body is back where it started. A rotating 
wheel performs such a cycle once per revolution. The 
water used by a condensing engine performs such a 
cycle. It is first vaporized in the boiler, then expands 
in the cyhnder, is condensed, and finally pumped back 
into the boiler again. Such a cycle may be represented 
by a closed curve in a suitable diagram, and for that 
reason is often spoken of as a closed cycle. 

Cycles may be either reversible or irreversible according 
to whether they can be traced through in either sense. 
The case of the rotating body is strictly reversible if 
there is no friction. But, if friction is taken account of, 
some heat wiU have been produced during a rotation in 
one direction at the expense of mechanical work, and 
it is obvious that the work will not be recovered, with a 
consequent withdrawal of heat, if it is turned back in 
the other direction. 

The case of water in a condensing engine is an even 
more striking case of an irreversible cycle. To consider 
only one of the steps, its perfect reversal would involve 
taking cold water from the boiler into the injector 
pump, which is impossible, because the process of heat- 
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ing the cold feed water by mixing it with the hot water 
already in the boijer is an essentially irreversible process. 
We have, then, cycles which may be made almost per- 
fectly reversible, and others that involve an irreversible 
transformation, and are, therefore, irreversible cycles. 

Camot's Cycle. — In proving his principle, Carnot 
made use of an imaginary engine, performing a particular 
cycle of operations, which has been named after him, 

"the Carnot cycle." It 
is by no means the only 
reversible cycle approx- 
imately obtainable in an 
engine — in fact there are 
others more readily ob- 
tained — but because of 
P '" its simplicity it is usu- 

ally chosen to illustrate 
the ideal engine cycle. It consists in a contour made by 
two adiabatics and two isothermals as shown in Fig. 9, 
and can be nearly realized by a conceivable engine as 
follows. Imagine a substance which expands under 
the action of heat, and which may be compressed by 
mechanical pressure ; in other words, almost any known 
substance. Suppose this substance S is contained in 
a cylinder, so that it can be compressed or expanded by 
moving a piston in or out. At the beginning let A, on 
the diagram, indicate its state. Now let it be compressed 
in such a way that the heat evolved by compression is 
not allowed to escape, either by radiation or conduction, 
until it reaches any other state, B, whose temperature 
h is greater than ;,, which was its original temperature. 
This is called an adiabatic compression. Next put it 
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in contact with a generator of heat, G, whose tempera- 
ture is very slightly higher than that of the body. Heat 
will then iiow into S, and, if the supply of heat is sufR- 
ciently great, the slight difference of temperature will be 
maintained while 5 is allowed to expand, as a result of 
this inflow of heat. Thus 5 follows the isothermal 
curve 5 C as far as we wish to continue the expansion. 
Next remove S, and place it as before so that it 
cannot lose or gain heat. If left to itself, it will continue 
to expand while its temperature falls, and this is allowed 
to proceed until it reaches the original temperature t2. 
Finally, to return it to its original state, it is put in 
contact with a refrigerator, or receiver of heat, at a 
temperature slightly colder than ^2, and the piston is 
forced down, thus raising the pressure and diminishing 
the volume while the heat of compression is removed 
without allowing the body to vary from the temperature 
t,. It will be seen that it is necessary to suppose a slight 
difference of temperature between 5 and the generator 
during the isothermal expansion, and between 5 and the 
refrigerator during the isothermal compression, in order 
to allow for the flow of heat between the two bodies. 
This flow, as we have already pointed out, is irreversible, 
and Carnot's cycle is, therefore, strictly speaking not a 
reversible cycle, but theoretically it can be made as 
nearly reversible as we choose, by making the difference 
of temperature we have mentioned infinitesimal. This 
would greatly prolong the time required to go through 
the cycle, and it would become infinitely long when the 
two temperatures became equal. Thus perfect re- 
versibility is the limiting case of a Carnot's cycle per- 
formed with diminishing temperature difference. 
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At the end of such a cycle, the body has regained its 
original state by a nearly reversible process; but three 
important external effects have resulted: a certain 
amount of heat has left the generator, another quantity 
has been absorbed by the refrigerator, and a certain net 
amount of mechanical work has been performed by the 
substance acting on the piston. 

i We can evaluate the work performed as follows. 
During the first, or adiabatic, compression an amount 
of work proportional to the area A ah B was done on 

the substance by the 
external force acting 
on the piston. This 
we have agreed to 
call negative work. 
Next, while the sub- 
stance expanded iso- 
thermally, it did work 
on the piston propor- 
tional to B C c b. 
From C to D it did further positive work, proportional 
to C D dc, and finally when it was compressed isother- 
mally negative work was done proportional to D da A. 
Thus we have, as the outstanding work accomphshed, 
the positive area A BC D which is readily obtained by 
taking the algebraic sum: 

+ bBCc 
+ cCDd 

- aADd 

- bB A a 




Fig. 10. 



+ ABCD 
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Hence the area enclosed between any two adiabatics 
and any two isothermals is proportional to the work 
done by the substance in following a Carnot cycle in 
the clockwise sense. If we had reversed the process, 
we should have obtained — A B C D, which would 
indicate that energy had been supplied from some 
external source to complete the cycle. This would 
also involve a reversal of the transfer of heat, and we 
should be withdrawing heat from the refrigerator and 
delivering heat to the generator, thus causing heat to 
flow from lower to higher temperatures, but at the 
expense of mechanical energy. In this connection 
Maxwell points out that there are two ways to transfer 
heat from hotter to colder bodies, i.e., by an irreversible 
flow of conducted or radiated heat, and by a more or 
less reversible process involving the production of 
external work; but there is only one way by which the 
reverse may be accomplished, and that is by expending 
mechanical energy operating through a more or less 
reversible process. 

It has just been shown that the area enclosed by 
Carnot's cycle represents the amount of mechanical 
work involved in the complete process. This is true 
of any closed cycle on the p v diagram, and the above 
conclusion is included in the following general proof 
which appHes to any closed curve. 

Suppose (Fig. 11) we pass from ^ to 5 by any path, 

then the work done is obviously/ p dv. Next pass 

A 
from B to A hy any other path as indicated, and we do 

work that is given by / p dv integrated over the lower 
3 
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Fig. II. 



path in the diagram. The difference is evidently equal 
to the enclosed area, and this is equal to the total area 
integral taken from A back to A again in the direction 

of the arrows; that is 

/ pdv - I p d V 

= I p d V. If the 

two paths coincide, 
the first two integrals 
are equal, and the 
_ work is zero. 

Camot's Principle. 
— We are now in a 
position to understand Camot's principle and its proof. 
The principle is that the efficiency of an engine, operating 
in a reversible cycle between two given temperatures, 
is as great or greater than the efficiency of any other 
engine operating between the same two extremes of 
temperature. The proof is extremely simple, and 
depends really on the second law in its form as stated by 
Clausius. 

Suppose that two engines, A and B, are operating 
between the same Hmits of temperature. Let ^ be a 
reversible engine having an efficiency E, and let B have 
an efficiency E' greater than E. Now let A be driven 
backward by B so that it takes heat from the refrigera- 
tor, and delivers it to the generator, and let B take just 
enough heat from the generator to develop exactly the 
work per cycle necessary to drive A . Then, if Q is the 
amount of heat delivered to the generator in each cycle 
by A, the work required to drive it must he Q E, while 
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the work done by B must equal Q' E', where Q' is the 
quantity of heat it takes from the generator. But by 
hypothesis Q E = Q' E' and E' > E, hence Q > Q' 
which means a net gain of heat by the generator. 
Further let P = the amount of heat withdrawn from the 
refrigerator by A, and let P' = the amount of heat 
given to the refrigerator by B, then the work done on 




Fig. 12. 



A = Q - P, and the work done hy B = Q' - P', but 
these quantities are equal by hypothesis, or 

Q-Q' = P - P' 

and since Q > Q', it follows that P > P', which means 
a net loss of heat by the refrigerator. 

This may be illustrated diagrammatically as shown in 
Fig. 12, where G is the generator, R the refrigerator, A 
and B are the engines both acting on the same crank- 
shaft; and the arrows indicate the direction of the flow 
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of heat, and their lengths the relative magnitude of the 
quantities in motion. The conclusion just arrived at 
means that in this self-contained system, there is a 
steady flow of heat into the generator, accompanied by 
a steady withdrawal of heat from the refrigerator; but 
this is contrary to the principle already laid down in the 
second law (although the first law is not violated), and 
therefore B cannot be more efficient than A . 

It is now possible to determine the efficiency of a 
reversible engine working between two temperature 
limits, and so obtain an algebraic expression of the 
second law applied to all cases where the heat is all taken 
on at one temperature, and rejected at another. 

Efficiency of a Reversible Cycle. — In accordance with 
the proposition just proved, that all reversible engines 
operating between the same limits of temperature have 
the same efficiency, it is clear that the efficiency can 
depend only on the temperature of the generator (or 
refrigerator), and the interval between the two tem- 
peratures, and must be independent of the working 
substance, and the particular cycle employed. We are 
thus justified in writing E =/ {t, A t). 

Now Carnot supposed that the work done by an 
engine operating in a reversible cycle was due to the 
transfer of a quantity of heat, Q, from the higher tem- 
perature level ti to the lower level t->, just as a given mass 
of water, in passing from a higher level to a lower, does 
useful work in a water-motor at the expense of its 
potential energy, but remains the same as to the total 
mass. Carnot considered heat as an indestructible 
fluid that did work by virtue of its motion from one 
body to another. But at that time (1824) the law of 
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the conservation of energy was not understood, and 
particularly its truth as expressed in the first law of 
thermodynamics. It remained for Clausius to point 
out that, as heat is not a fluid, but a form of energy, a 
certain quantity of it must disappear when work is 
done, and, as we have seen, this ratio of the work done 
to the quantity that disappears must be constant for 
all such transformations of energy. 

We can, therefore, write another expression for the 
efficiency based on the first law of thermodynamics, i.e., 

E = ^ --■ — - where Qi is the amount of heat received 

from the generator, and Q2 the amount deHvered to the 
refrigerator. The numerator is, therefore, the amount 
of heat that disappears in the production of mechanical 
work, and is proportional to the output of the engine, 
and the denominator is the total heat delivered to the 
engine, and therefore proportional to the mechanical 

energy input. This may be written E = -^y- = f {t, A t) 

= fi{t) A /. The nature of the function /i is not self- 
evident. It is called Carnot's function of the tempera- 
ture. Carnot actually supposed it to be a constant, 
thus making the efficiency to depend only upon A t and 
not upon the temperature of either the generator or 
refrigerator, as would, of course, be the case in the 
hydraulic analogy he followed; but this is the same as 
assuming that the amount of heat received is the same 
as that rejected, and thus contradicts the first law of 
thermodynamics. Therefore /i must vary with the 
temperature and must depend for its form on the par- 
ticular scale of temperature employed. 
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Absolute Temperature Scale. — This leads us to the 
definition of the absolute scale as proposed by Lord 
Kelvin. If we assume a scale whose zero is such that a 
Carnot engine having a refrigerator at that temperature 
would utilize all the energy supplied to it, it will have 
an efficiency of loo per cent, and therefore any lower 
temperature would result in an efl&ciency higher than 
loo per cent, which is absurd. Hence a zero so defined 
is the absolute zero. 

Suppose we construct a series of reversible engines 

each developing the 
same amount of work 
per cycle, and so 
arranged that each 
receives the heat re- 
jected by the one next 
higher in the series. 
The diagram of such 
a system, supposing 
they use the Carnot 
cycle (which is, how- 
ever, not necessary), 
would be a chain of 
quadrilaterals enclosed between two adiabatic lines, and 
a series of isothermals as shown in Fig. 13. This series 
cannot go on indefinitely, because each engine consumes 
a portion of the original energy dehvered to the first one, 
and if the energy consumed by each is q, and that sup- 
plied to the first is Q, there can be only Q/q such steps, 
at the end of which series we shall reach the absolute 
zero defined above. Now if we suppose the temperature 
of the generator suppljdng heat to the first engine to be 
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the temperature of melting ice, as determined for the 
zero of the centigrade scale, and take q such that Q/q = 
273, then the isothermals of such a chain will each cor- 
respond to a degree of the absolute scale, and this series 
may be carried as far above 0° C. as we wish, always 
keeping q constant, or, what is the same thing, making 
the areas of all the quadrilaterals equal to each other. 

This scale, as we shaU see later, is the same as the 
absolute scale determined by a gas thermometer using 
an ideal gas, and it is closely approximated by the scale 
of the hydrogen thermometer. But Kelvin's definition 
of the absolute scale, as jiist explained, has the great 
advantage that it is expressed in terms of energy, and is 
independent of the properties of any particular substance, 
or any hypothesis concerning the exact nature of heat 
energy. 

In all thermodynamic formulae that involve the 
second law it is understood that the temperature is 
measured on the absolute scale. In many of the equa- 
tions, however, the temperature enters only as a differ- 
ential, d T, or as a difference Ti — T2 or U — fe, and in 
these cases it is immaterial whether we write dT or dt, 
or Ti — T2 or ti — ^2, since we have assumed both T 
and t to be measured in "absolute" degrees. In fact 
in all cases d t may be written for d T; but when the 
integral temperature is considered, it must be remem- 
bered that r = < -{- 273 approximately. 

Camot's Function. — ^Let us now assume that there are 
n steps in a chain of engines performing simple reversi- 
ble cycles, and that the amount of heat delivered to the 
hottest ]s,Q = qn. The amount delivered to the second 
will then heQ - q = q{n - 1), and to the third Q - 2q 
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= q{n — 2) . . . and to the wth Q — {n — t.) q = q. 

Thus the efficiency of the first is — = — , and of the 

■' qn n 

q 1 q 

second, —, r = , and of the third, -7 r = 

' q{n — 1) n—i' ' q (n — 2) 

, and of the wth, - = i, but since by the defi- 

n — 2' 1 

nition of the absolute scale n = T, the denomi- 
nators of the efficiencies are precisely the temperatures 
of the sources of heat for each of the cycles con- 
sidered; hence we may write that the efficiency of 

each of these unit engines is -7^, or E = -~r = -7p, or if we 

consider the efficiency of a chain of m such engines, 
m q units of heat will be absorbed, and the output being 
m q, the collective efficiency of such a multiple system is 

" mq fn 
-Em = 7^ = "7^ • But m also represents the difference 

of temperature in absolute degrees between the generator 

of the first engine of this series and the refrigerator of 

the last, hence we may write m = At; but mq = A.Q, 

being the total quantity of heat absorbed by the m 

engines and converted into mechanical power. The 

A(2 AT 
expression of the efficiency then becomes E = — p^- =~^ 

and comparing this with Carnot's equation of efficiency, 

i.e., E = fi (t) A t, it is evident that/i (/) = ^ if T is 

measured on the absolute scale. 

Efficiency of a Reversible Cycle. — We can now obtain 
the efficiency of any engine operating in a simple revers- 
ible cycle between any two temperatures Ti and T2, 
that absorbs Qi units of heat entirely at the higher 
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temperature, and rejects Q2 units entirely at the lower. 
This expression is 

which is thus the highest attainable efl&ciency between the 

T — T 
two temperatures considered. The equation £ = ' ^ — ^ 

■' 1 
is really a statement of the second law of thermody- 
namics, as Carnot's principle was used in the funda- 
mental assumption that the efficiency of a reversible 
engine depends only on the* range of temperature between 
generator and refrigerator and the temperature of one 
of them. 

This equation may be slightly modified into a form that 

will be found very useful. Taking —^ — ^^ = — hp — - 

Q2 T^ Qi Q2 , . . 
it follows that pr- = ^, or :=- = ^. That is, m any 

simple reversible cycle, the heat absorbed and the 
heat rejected are proportional to the temperatures of the 
generator and refrigerator respectively. 

A point of practical interest is that if an engine is oper- 
ating in the Carnot cycle, or any reversible cycle between 
two limiting temperatures, it is more advantageous, from 
the point of view of efficiency, to lower the temperature 
of the refrigerator by a certain number of degrees e, than 
to raise the temperature of the generator by the same 

amount, for ^^'t']~ '^' < (^^+ j,~ ^^ but this latter 

fraction equals — — W^ — - , which is the efficiency when 
-' 1 

T2 is lowered by e. 
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As has just been proved, whenever a quantity of heat 
Q is delivered to an ideal engine working in a reversible 
cycle, the amount of work that is obtained is Q £ or 

hr. — ^ which is the maximum of energy obtain- 

able by any engine working between the same limits of 
temperature. The portion of Q which is thus available 
under ideal conditions as energy may be expanded as 
follows: 

The second term of this expression is evidently the 
quantity of heat that is not convertible into useful 
mechanical work. This equation is simply a statement 
that the available energy of an engine is equal to the 
total energy supplied less the unavailable energy. This 
unavailable energy becomes zero only when the lowest 
temperature T2 is the zero of the absolute scale. At 
that point the available energy = Q, and £ = i. The 

quantity enclosed in the parenthesis \7p) when appHed 

to a reversible process as we have assumed, is of such 
importance in the theory and practice of heat engines, 
that it has been given a particular name, entropy, and 
a symbol, which will be 5 in this book. 
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Entropy, then, is that quantity which, multiplied by the 
lowest available temperature, gives the unavailable energy. 

When the Q units of heat are supplied to the engine, if 
T2 is regarded as fixed by some particular considerations 
at a minimum value, say the freezing point of water, 
then there is a certain amount of energy that is bound 
to be wasted. This waste is, so to speak, incurred with 
the delivery of the heat; in fact it is like a mortgage on 
Q, so that we can only realize on Q in terms of energy, 
after deducting the liability incurred at the start. This 
mortgage is given by the product of the entropy of the 
heat deHvered times the lowest available temperature; 
and, for a given minimum temperature, the entropy is 
thus the measm-e of the Kability or, as Swinburne * calls 
it: "the measure of the incurred waste"; that is, the 
measure of the imavoidable waste incurred in advance 
when the heat Q was delivered to the working substance. 
The word unavoidable is most important in this connec- 
tion, for it is only in a strictly reversible change that 
the waste reaches this ideal minimum. In all actual 
engines the waste is greater, which implies a gain in 
the entropy during the process. But such an increase 
might be regarded as avoidable, for we can always 
reduce it by approximating more and more closely to 
perfect reversibility, and in that limiting case there is, 
therefore, no increase in the entropy during the process; 
for, in such a process, all the waste that is to occur is, 
we may say, taken on at once, when the energy that is 
to be utilized is supplied to the engine. 



* "Entropy," James Swinburne; published by A. Constable & 
Co., London. 
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Reversibility Defined in Terms of Entropy. — We can 

now give a new definition of reversibility which will be 
most useful. A reversible change is one in which there 
is no gain in the total entropy of the system, and an 
irreversible change always involves a gain in the entropy 
of the system. Thus friction causes a gain in the en- 
tropy of a moving system, and heat carried by conduction 
also causes such a gain, both being essentially irreversible 
processes. 

This does not mean that a portion of a system may not 
gain in entropy during a reversible change. Thus the 
working substance supposed in the ideal engine gains 
entropy when it takes heat from the generator, but if 
the process is reversible the generator loses an exactly 
equal amount. Later the substance gives up the same 
entropy to the refrigerator, because, as we have seen, 

•^jT = ^ or 5i = 52; hence if we regard the generator, 
•' 1 -'2 

the substance, and the refrigerator as parts of one system, 

the entropy has simply passed unchanged from one 

portion of the system to another. At the lower level 

it will be noticed that, as a measure of incurred waste, 

the entropy 7^ indicates an incurred waste of Q^ or an 
J- 2 

efficiency equal to zero, which means that the heat de- 
livered to the refrigerator is wholly unavailable, since 
Ti is supposed to be the lowest available temperature. 
Availability. — Regarding entropy as a measure of the 
mortgage on the heat supplied, it is evident that the 
utility of a certain quantity of heat is not a constant 
quantity, as might at first sight appear to be the case 
in consequence of the law of the conservation of energy. 
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Its utility depends upon its entropy -;=r which is seen 

to vary inversely with the temperature at which Q is 
suppHed. Therefore to render the "mortgage" as 
small as possible, it is clearly desirable to supply the 
heat at as high a temperature as possible; or, what is 
the same thing, with a minimum of entropy; and 
then during the process of conversion of this heat into 
mechanical energy, the entropy should be kept down 
as near the original imavoidable value as is practicable. 

Care should be taken to note that this general notion 
of keeping the initial entropy down, supposes a certain 
given quantity of heat that is to be suppHed. Bilt it 
would be absiurd to refuse an increase in this quantity 
on the ground that that would involve a greater initial 
entropy, as if one should refuse the gift of a large house 
with a ten per cent mortgage on it, and accept a smaller 
one mortgaged at the same rate, because it involved a 
smaller indebtedness. There are many cases indeed 
where it does not pay to raise the initial temperature 
too high, because in so doing the actual quantity of 
heat supplied is excessively reduced. A slight decrease 
in Q, however, is permissible if we have a certain amount 
of energy we wish to obtain, for 

where K is supposed constant. As Ti increases the quan- 
tity in the parenthesis diminishes toward unity at the 
limit. Thus Qi diminishes also. This rate of decrease 
is considerable for small ranges of temperatures, hence 
in such cases raising Ti even at the expense of Qi is 
permissible if the sacrifice is not too great. But such 
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discussions belong to the province of engineering and 
cannot be considered here at greater length. 

The Measurement of Entropy. — Since we cannot 
regard the absolute zero as an available temperature, 
it is not customary to consider the absolute entropy of a 
body. But we can always determine an increase or 
decrease of entropy from any assigned initial condition. 
We are thus led to the following definition by which 
entropy diferences are to be measured. When a body 
receives an amount of heat dQ, at a temperature T, 
the gain in entropy is d Q/T, and the total gain between 
two states, A and B, provided we can pass from one to 

the other by a reversible path, is 5 = / d Q/T, in which 

T may vary, since the temperature tends to rise when 
heat is added to a body. This integral is merely an 
extension of the definition given some pages back. It 
assum.es that each infinitesimal quantity of heat dQ \s 
given to the body at some temperature T, and that 
the resulting change in the state of the body is a reversi- 
ble one, so that there will be no growth of entropy 
except as it increases by the continual gain in Q from the 
external source. This rules out such irreversible in- 
creases in temperature as that due to the eddy currents 
which are set up in a receiver when hot water is run into 
it. It is clear that J d Q/T over a reversible path is a 
highly ideal function that can never be reahzed in 
practice. Its value, however, as a measure of the un- 
available energy of a given supply of heat, is not di- 
minished by that fact. For instance if we accurately 

plotted a curve between Q and ^ as we heated a certain 
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mass of water from Ti to T^, and then measured its 
area, that area would be proportional to the actual 
entropy supplied to the water when heated. But owing 
to radiation losses, etc., this area would be greater than 
under ideal reversible conditions, and therefore greater 

than the integral / d Q/T over the reversible path when 

no radiation would be allowed for. This integral, 
however, measures the actual difference of entropy 
between water at Ti and at T^. This can be made 
clear by an analogy from mechanics; in measuring the 
gravitational potential of a point above a certain level 
taken as zero, we take the product of the vertical height 
by the force due to gravity acting on the unit mass, 
although the actual work done in raising the unit mass 
to that level may be greater owing to air friction. This 
error might be made as small as we choose, and thus the 
true potential, or g h, is the limiting case when we 
measure the actual work in conveying the unit mass to 
the point in question. 
Thus the difference of entropy between the states A 

and B is measured by / d Q/T, provided the integral 

is taken over a reversible path, and this will be always 
assumed to be the case. This integral gives a value less 
than the entropy supplied to the body in passing between 
the initial and final states when the path followed is an 
irreversible one. In other words, more entropy may be 
taken on by a body in passing from ^ to i5 than the 
difference of entropy between those states as measured 
by a reversible process; therefore the entropy supplied 
to the body depends on the path, while the difference of 
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entropy between the initial and final states is a constant 
independent of the path. These two aspects of entropy, 
one, the amount absorbed by the body, and the other, 
the measure of the difference between the two states, 
have their equivalents in actual work done and the 
difference of potential between two points, and they are 
only equal when the path follbwed is a reversible one. 
It will, in future, be understood, that A 5 refers to the 

— =- to the latter. 

Isentropic Lines. — During any adiabatic transforma- 
tion, no heat enters or leaves the body, and, unless heat 
be supplied from within, d Q = o, or d Q/T = o, hence 
Q/T is constant. An adiabatic is therefore usually 
regarded as a line of constant entropy, and is often called 
an isentropic. If the adiabatic change is irreversible, 
there will be an internal gain in entropy due to friction 
or other causes, therefore the entropy of a body changing 
adiabatically is only constant in the limiting case of 
perfect reversibility. But in all cases we are justified 
in the statement that no entropy is added to, or taken 
from the body through its bounding surface during an 
adiabatic change. 

Clausius' Extension of Carnot's Principle. — As we 
have seen (p. 44), the working substance in a Carnot 
cycle during an isothermal compression parts with the 
same amount of entropy that it gained during the 
isothermal expansion; hence at the end of the cycle 
its entropy is exactly where it was before. This we 

Qi Q2 
hiive expressed by writing ~ = -tjt. Therefore around 

a Carnot cycle we may write for the working sub- 
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Q 

stance 2^ 



. This proposition is readily extended to 

the case of a body being carried through any reversible 
cycle. For we may map out the area enclosed by any 
contour A B in ele- 
mentary Carnot cy- 
cles as indicated, and 
the area enclosed by 
the zigzag contour 
a h c . . . c' b' a' ^ 
... is made up of 
elementary cycles 
that may be made as 
narrow as we wish. 
Now the sum of the 
changes of entropy 
around the cycle a a 

V j3' is zero, or S-^ = o 




Fig. 14. 



Similarly around the cycle h (3 

c' 7' = o, also in the cycle around both, i.e., a ah fi c' y' 

V &' we have 2-^ = o for the only portion that is left 

out in following this longer route is a 7' which is a por- 
tion of a reversible adiabatic and so introduces no change 
in entropy. The triangle-like areas, aab,b fie, etc., that 
have been neglected, represent a vanishing quantity 
when the number of Carnot cycles is made indefinitely 
great. This is readily seen by considering the fact that 

the value of 2^ around a "triangle" is represented 

by the gain in entropy in passing along a b, less the loss 
in passing along a a, there being no change in going 
from b to a, which was taken as a reversible adiabatic. 
4 
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This difference is not zero for a path of finite dimensions, 
although it would be small, but it may be made to 
vanish by taking the series of adiabatics infini tely close 
together, their area thus becoming a differential of the 
first order, while the "triangles" become differentials 
of the second order and may be neglected. 

Various Forms of the First and Second Lav/s. — We 

—TfT = o taken over any 

closed path representing a reversible cycle. This 

equation depends upon the relation tjt = ifr, which was 

derived from Carnot's principle, and that in turn from 
the second law of thermodynamics, therefore the state- 

rdQ 
ment / —7^ = o around a closed reversible path ex- 
presses the second law in a concise mathematical form, 
and will be much used in what follows. 
The first law of thermodynamics may be similarly 

expressed by the equation I dQ — W, where the 

integration is carried around the cycle and W is the 
work done. This is evident because, as has already 
been shown, the algebraic sum of the heat taken in and 
the heat rejected gives us the heat that disappears 
during a cycle, and this lost heat, by the first law of 
thermodynamics, is proportional to the mechanical 
work done. 

Exact Differential. — A final statement of the second 
law consists in the remark that during a reversible 
process d S, or d Q/T, is an exact differential. This is 
true of all differentials whose integration over a closed 
path is equal to zero. This principle has already been 
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explained in the case of internal energy, and we may 
repeat the same conclusion concerning entropy, that the 
gain or loss of entropy of a body in passing from the 
state A to the state 5 by a reversible path is independent 
of the particular path followed, and depends only on the 
initial and final states. It is interesting to note that the 
same is true of gravitational and electrostatic potentials. 
In fact the very notion of a potential function involves 
this property. To sum up the various statements of 
the first and second laws, they may be tabulated as 



follows : 

First Law. 

1. Exact proportionahty of 
all transformations of en- 
ergy. 

2. dQ =dW + dU. 



. I dQ = W around any 

closed reversible path. 
. d U = a,n exact differ- 
ential for all reversible 
changes. 



Second Law. 

, Heat cannot flow un- 
aided from lower to high- 
er temperatures. 

. Carnot's principle of the 
efficiency of a reversible 



engme, i.e. 
'dQ 



E = 



T,-T, 



f- 



„ — ^ around any 

closed reversible path. 
. ^5 = an exact differ- 
ential for all reversible 
changes. 



Combination of First and Second Laws. — Both laws 
may be expressed in a single equation; thus, since 
dS = dQ/T (second law), we have 

dQ = TdS 

hnt dQ = dW -\- dU (first law), hence TdS = dW + 
d U, which may be regarded as the fundamental equation 
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of thermodynamics, since it involves both its funda- 
mental postulates. 

This equation may be written slightly differently in 
all cases where the work dW is done against the kind 
of pressure we have called "hydrostatic." In this 
special, but very common case, dW = p dV, where 
d V is the change in volume of the expanding medium 
or body, thus we have, 

TdS = pdV + dU . . . . (27) 

Special Case Where T is Constant. — There is one 

rdQ , 

important particular case of the integration / -^ taken 
around a closed path, which occurs when T is constant. 
It follows that -tj; I dQ — o, or, since T cannot be 

infinite, / dQ = o, hence 

fdQ=JdU+fdW=o, or U^-U.+Jd W= o 

but IJ2 = Ui when the cycle is complete, so we arrive at 

the conclusion that / dW = o; that is, the external 

work done in carrying a body through an isothermal, 
reversible cycle is zero. 

Irreversible Cycles. — The cycles thus far considered 
in detail have been reversible. In case, however, the 
cycle is irreversible (and this must always be more or 

less so in practice), Clausius showed that I —^r < o. 

This is known as the Inequality of Clausius, and is easily 
proved. It has already been pointed out that the 
entropy gained in passing from one state to another by 
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an irreversible path is greater than by a reversible one. 
This may be expressed symbolically as follows: let 
R be the unavailable energy of any transformation, then 
R = To AS where Tg is the lowest available temperature. 
Also let Rr = the unavailable energy of a reversible 

transformation, then i?/ = T„ I dQ/T. But in general 

RyR^ because it follows from Carnot's principle that the 

reversible process is the most efficient. .'. A5> / -jr 

Let A and B designate the states at the beginning 
and end of an irreversible transformation, then we may 

write A Sji > J. —jT and similarly on returning to the 

/^ dO 
-—, but A 5/ = - ASb be- 
cause obviously the body must get rid of the entropy 
gained in going from A to B, on its return to A again, 

hence adding these inequahties / —7fr < o taken around 

the cycle. 

The exact meaning of this inequahty is that in going 
through the irreversible cycle, an amount of entropy 

equal to / d Q/T must be withdrawn from the body 

in order to compensate for an irreversible gain of the 
same amount, so that the body may be brought back to 
the original state. 

Another way of stating the inequahty of Clausius is 
the following. Since, as has been shown, we may pass 
from .4 to 5 by means of a series of infinitesimal adiabatic 
and isothermal changes, and since each step is reversible, 
it follows that any reversible path may he so decomposed. 
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Hence the gain in entropy in passing from A to B 
reversibly may be compensated by returning over any 
reversible route, such as one adiabatic and one isother- 
mal step. If, however, the path from ^ to 5 is irrevers- 
ible, it cannot be decomposed into a series of reversible 
steps, nor can it be correctly represented on the p v 
diagram; and therefore the greater gain in entropy 
involved cannot be compensated by a reversible return 
path, while an irreversible return would remove even 
less of the gained entropy and, therefore, a fortiori, 
it is impossible completely to compensate the entropy gained 
hy an irreversible change. 

Tendency of the Entropy of a System Toward a 
Maximum. — ^Another interesting aspect of non-reversible 
processes is when we are concerned with a system of 
bodies at different tempeiatures, and so disposed that 
heat can flow from the hotter to the colder either by 
radiation or conduction. If we consider a body whose, 
temperature is Ti, and allow a quantity of heat, d Q, to 
flow from it to another body whose temperature is T2, 
then the initial entropy of the system is diminished by 
d Q/Ti, and increased by d Q/Ti, hence the net gain is 

JQI— — — j which is a positive quantity since 

T2 < Ti by h3^othesis. This is readily extended to 
the case of any number of bodies, for, whatever the final 
temperature of the system, it is certain that each 
transfer of heat is from a hotter to a colder body, and 
therefore represents a gain in entropy. This means 
that such a system, if left to itself, tends toward a 
maximum of entropy, and consequently of unavailable 
energy; and when this maximum is reached, the available 
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energy vanishes, or, what is the same thing, the com- 
ponent parts of the system are all at the same tempera- 
ture. This, it may be remarked, is the natural tendency 
of our universe under the process of radiation among 
its component parts. If it is regarded as a self-contained 
system, it is tending inevitably toward the condition of 
thermal equihbrium indicated above. 

Thermodynamic Variables. — The quantities we have 
so far discussed, are the external work W, the quantity 
of heat Q, the internal energy U, and the four variables, 
V, p, T, and S, any two of which may be taken as in- 
dependent in thermodynamic equations. As Maxwell 
pointed out, W, V, and p are quantities related to ex- 
ternal work, while Q, S, and T refer to thermal energy, 
and there is a striking correspondence in the pairs 
W and Q, V and S, p and T, as is evident from the 
analogous equations, 

dW = pdV 
dQ = TdS. 

We might put this somewhat crudely in words by call- 
ing temperature "thermal pressure," and entropy 
"thermal volume." 

Heat and Work Diagrams. — Evidently if we use 
T and S as the co-ordinates of a diagram representing 
any transformation, the area will be proportional to 

Q, for / dQ = I T dS, which is thus an area integral 

of the form J ydx. But it should be carefully noted that 
this is only true when this diagram refers to a reversible 
process, for in irreversible processes j dQ <J T d S, 
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and the area of the diagram is larger than what would 
correspond to the heat absorbed or rejected by the 
working substance during the transformation. The 
same is true of the p v diagram, which represents the 
external work done when that work is performed re- 
versibly against a uniform normal pressure, but if the 
process is irreversible, the area of the diagram is too 
large. An illustration of this would be the case of a 
viscous working fluid which would expand slowly as the 
pressure fell, so that the actual pressure on the piston 
would always be less than the pressure within the fluid, 
and consequently the work done would be less than that 
recorded by an indicator. 

Thermodynamic Potentidl. — The quantity U has so 
far been regarded as the intrinsic energy of the system, 
due partly to the kinetic energy represented by the 
temperature, and partly to the state of disgregation of 
the molecules. But, as in the case of mechanics, this 
energy has two aspects. We may regard it from the 
standpoint of the work put into the body to bring it 
to the state considered, or we may regard it as the 
ability to perform work by virtue of its thermal con- 
dition. Viewed from this latter standpoint, it is called 
Thermodynamic Potential, and we shall use the letter 
F to represent it in this aspect. But U is, not the only 
function that may be regarded as a potential. In fact 
there are four such quantities, and following Bryan, * 
we shall call them Fsv , Ftv > Ftp , F^p , the subscripts 
indicating the independent variables in which they are 
expressed. Fsv is the potential oiU,iox dU — T dS — 
p d F, as has been shown. 

* Bryan, "Thermodynamics." Teubner Texts. 
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The other functions were first determined by Massieu 
as follows: Starting with (27) dU = T dS - pdV, 
but J (T S) = TdS j- SdT, substituting for TdS 
gives d U - d (T S) = - S d T - p d V, or, d (U - 
TS)= -SdT- pdV, writing (U-TS) = Fj-y, which 
is Gibbs' \[/ function, we obtain 

d Frv = -SdT-pdV . . . (28) 
Since by definition, 

dFTv= d{U - TS) 
dFrv=dU - d{TS). 

It is thus evident that d F^v is an exact differential 
just as d Fsv (or d U) has been shown to be exact. This 
is made particularly clear in the last expression which 
shows it to be equal to the difference of two exact 
differentials. 

Similarly if we start with d (p V) =pdV + Vdp, 
we have, by substitution in equation (27), 

dU + d(pV) = TdS + Vdp 
next set Fsp = (U + p V), which is Gibbs' x function, or 
dFsp= TdS+Vdp. . . . (29) 

This is also an exact differential like the two preceding, 
for d Fsp = d U + d (p V), and is the sum of two exact 
differentials. 

Finally, using both substitutions, simultaneously gives 
us dU + d{pV)-d{TS) = Vdp-SdT, setting 
Fj-^ = (U + p V — S T),-we obtain Gibbs' f function, or 

dFTp=Vdp-SdT . . . .(30) 

which is easily seen to be an exact differential by defini- 
tion, like the three preceding. 
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When discussing thermodynamic potential, ordinarily, 
either Fjy or F-j-p are used, and they may be called 
the thermodynamic potentials at given volume, and at 
given pressure respectively. 

Equilibrium and Stability. — The various potential 
functions we have been discussing are related to the sta- 
bility of a body, or a system of bodies, just as mechani- 
cal potential energy is related to gravitational equilib- 
rium. It is a consequence of the general principle 
called "degradation of energy" that all unaided changes 
within a system must be irreversible changes. An 
unaided flow of heat involves a transfer from a hotter 
body to a colder which is an irreversible process; and 
all such mechanical changes involve more or less friction 
and are therefore irreversible. Now, if an irreversible 
change involves the decrease of a certain function, it 
means that all unaided changes within the system must 
tend to diminish that function; and the system will 
only have reached stable equilibrium when that function 
is at a minimum, or, in other words, if any small change 
within the system can only result in an increase of the 
value of that function, the system is in stable equiHb- 
rium within the limits of said small change. Suppose 
we consider first how stabihty may be determined by 
the potential U. U is defined by the equation dU = 
dQ — p d V, but in all irreversible changes', dQ < T d S 
dU < T dS — pdV for all changes that can occur 
automatically. If we suppose our system surrounded 
by a perfectly rigid envelope impervious to heat, then 
the total volume is constant or I, dV = o, taken over 
the system, and since, as a whole, the system is adiabatic 
XT dS = o, hence it follows that 2 d U < o for aH 
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possible automatic changes within the system; or we 
may state that when equilibrium has been reached, and 
U is a, minimum, then any possible change must tend 
to increase U, or dU > o, which is one of Gibbs' criteria 
of stability. 

In a similar manner we may examine the other 
thermodynamic potentials. Thus d Fry =d{U — T S) 
= dU -TdS-SdT hy definition, \)utdQ<TdS 
for irreversible or unaided changes 

■ dFTv< dU -dQ- SdT 
hMt dU - dQ = - pdV 

. dFTv<- pdV -SdT. 

But if our system is now considered as surrounded by 
a rigid envelope and the whole maintained at a constant 
temperature, then 2 (i F = o and S J T = o taking 
the sum over the whole system, hence d Fjy < o for all 
unaided changes and for equilibrium all possible changes 
must increase Ffv ', or d Fj-y > o is the criterion of 
stability of such a system. 

In like manner d Fj-p > o is the criterion of stability 
of a system whose temperature and pressure are constant. 
This criterion is applicable to the particular case of 
evaporation of a liquid under constant pressure which 
process results in a decrease of its potential energy and 
FjpVf'Al only reach a minimum indicating stability when 
all the liquid is vaporized. ^.; 

By a similar process of reasoning d F^p > o may be 
shown to be a fourth criterion of stability. 

Available Energy. — Still another test of stability 
results from the principle already pointed out, that 
unaided changes within a system must be irreversible 
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changes, and therefore involve an increase of entropy of 
the system; or, what is the same thing, a decrease in its 
available energy. 

Let us consider the available energy of a system 
surrounded by a medium whose temperature and pressure 
are constant and equal to T„ and po- Such a system 
can lose available energy either by a loss of heat, or fall 
of internal pressure, or both. Suppose a change occurs 
within the system involving a disappearance of an 
amount of heat d Qi with a corresponding production 
of work. The energy available for work cannot be 

T — T 
greater than d Qi—^-Tp — - where Ti is the temperature of 

the portion whose heat is reduced. On the other 
hand if the system lose available energy by expansion, 
the loss is {pi — p^) d Vi, where pi is the pressure of the 
portion that expands by an amount d Vi against the 
surrounding pressure pg. Since the available energy 
may vary in both these ways, its total differential is 

[d A]rp =dQi (^^i^°) + (Pi - Po) d F, 

for any portion of the system. But ^^ = ^51 which 

reduces the above equation to [(i ^] -pp = (^i — TJ d Si+ 
(pi — po) d Vi and further, by equation {2j),dUi = Tid Si 
— pid Vi hence, introducing /, 

[dA]rp =dUi-TodSi+p„d Fi/7. . (31) 

But by definition [d F-rp]Tp = d Ui- T d Si + p d Vi; 
therefore, if the temperature and pressure of the medium 
that surrounds the system, whose potential is Fj-p, are 
To and po, it follows that F-fp is a measure of the available 
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energy of such a system surrounded by such a medium. 
It has, therefore, been called by Duhem the "total 
thermodynamic potential." If, however, we suppose the 
volume and temperature to be constant, the general 
expression for available energy becomes: 

{dA]Tv=dU,-T„dS, . . . (32) 

but {d Fjy\jv = d U — T d S, hence if the system be 
enclosed in a rigid envelope whose temperature is con- 
stant, the potential at constant volume is a measure of 
its available energy. This potential was called the 
"free energy" of the system by Helmholtz, and the 
"inner thermodynamic potential" by Duhem. 
In case the entropy and pressure are constant, 

[dA]sp=dU^+p,dV^/J . . (33) 

which is equal to the partial differential of the potential 
^5^ at constant pressure and entropy for the same value 
of the constants assumed. 

Finally, if the system is enclosed in a rigid envelope, 
impermeable to heat, T d S = o, and 

[dA]sv = dU, .... (34) 

hence, in such an isolated system, the available energy 
is equal to the intrinsic energy. Of course, in this case, 

as in those that precede it, we cannot evaluate / dU 

except between two arbitrarily chosen values as Ui and 
U2 giving Asv = Ui— U2. 

Similarly Arp = U,- U,+ (F,- ^2) po-(S,- 5^)^ 
Similarly Axv = Ui— U2— (Si— S2) Tg 
Similarly Asp = U^- U2+ {V^- V2) po 
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Since in these cases just specified, in general A = F,yve 
may add the further criterion of stability that any 
possible change in the system, when it is in equilibrium, 
must result in an increase of available energy. Or: 
for stability A is a minimum. 



CHAPTER IV 

THERMODYNAMIC EQUATIONS 

From the two laws of thermodynamics, and the fun- 
mental relations between the heat capacities already 
estabhshed in Chapter I, a great variety of general 
formulae may be derived. We shall, however, content 
ourselves at present with the derivation of the most 
important only, and others will be developed as they 
are needed, in the discussion of the particular cases 
of gases, vapors, etc. 

Maxwell's Relations. — There are four important 
relations between the various differential coefficients of 
the variables p, v, T, and S, called the four relations of 
Maxwell. These are readily derived from the thermo- 
dynamic potentials as follows. 

Maxwell's First Relation. — By equation (27), for 
reversible processes 

dUordFsv =TdS - p dV 

but d U is an exact differential, and, applying the usual 
criterion of such functions to the right-hand member, we 
have 

m)r'('dl ■ ■ • (35) 

which is known as Maxwell's first relation. This equation 

dQ 
can be transformed by writing -jT = dS and, taking 

the unit mass, we have 

63 
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(-/) = - ^(4^) = --." 

A special case of interest arises during an adiabatic 
change, or when <i Q = o. By equation (4) cdT ■\- 

Idv = o,oT\-p^) = — 7-. Combining with (36) it 

becomes 

.... (37) 



[-^1 



Maxwell's Second Relation is obtained from equa- 
tion (29) d Fsp = T dS + V dp which, by the principle 
of exact differentials, gives 



'dT\ (dV 



-{^) ■ ■ ■ ■ (3S) 



\ dp / s ^dS' p 

This is Maxwell's second relation and may be trans- 
formed as in the previous case to 

During an adiabatic change, by equation (3), C dT + 
h d p = o, or \~pf) = — jr , combining this with (39) 
gives : 

[x = -^]^ .... (40) 

Maxwell's Third Relation follows in the same manner 
from (28), d Fjy= — SdT — pdV, giving 

il^)A^), ■ ■ ■ ■ (-) 
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which may be transformed, taking unit mass, to 

In this latter form, MaxwelVs third relation is usually 
called the equation of Clapeyron, and is of great value 
in many applications of thermodynamics where a body 
is undergoing a change of state, like melting ice, or 
boiling water, when the so-called "latent heat" is added 
at constant temperature, the body in general undergoing 

a change in volume expressed by ( "tt? ) • It should be 

carefully noted that I is not the latent heat as usually 
defined; " L," the ordinary latent heat, is the quantity 
necessary to completely transform from one state to 
another the unit mass at constant temperature, while I 
is the heat per unit change in specific volume; therefore 
Idv =dL and the equation of Clapeyron may take the 
form 



^(||)(^^'-^>) ■ ■ • (43) 



^dT. 

where Vi and V2 are the specific volumes before and after 
the change of state. 

Maxwell's Fourth Relation follows from equation 
(30), or dFTp= V dp - SdT, giving 

W)r=~W), • • • (44) 

which is the fourth relation, and is readily transformed 
as in the preceding cases to 
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Another form of this fourth relation may be obtained by 
if dv' 



substituting ap=-(^) giving 

i^) = - 
\dp/T 



Tva. . . . (46) 



This means that if a body expands when heated under 

dq . 
constant pressure, that is, if a^ is positive, then -7— is 

negative, or heat must be withdrawn with increasing 
pressure, in order to maintain the temperature constant. 

On the other hand, if a^ is negative, heat must be 
added to keep T constant. Joule showed that this 
prediction was verified in the case of water at tempera- 
tures above and below 4° C. Compression above 4° C. 
causes a rise of temperature, while below 4°, it causes a 
fall. 

Relations Between the Specific Heats. — By applying 
the two laws of thermodynamics to the general expres- 
sions that define the heat capacities, we may obtain 
various useful relations between these quantities. 

In Chapter I, we proved in equation (7) that 

C — c = ~ ^YT' °^ ^ ^ ~ {C — c)-— . Substituting 
this value of h in equation (3) we obtain 

dq = CdT-(C -c)^dp, . . (i) 
y 

but by our fundamental hypothesis (i), we know that 

T=f{p,v). 

8T dT 

. . dT = -r— d V + -^—d p 
dv 8 p ^ 

substituting this in {i) above, we have 
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~dv + jjdp)-iC-c)-^jdp 

which reduces to 

dq = C-^dv + cjjdp . . (47) 

If we subtract p dv from both sides of the equation, 
remembering that dq — pdv = du, we obtain 

C — p) dv + c^r-r d p . (ii) 

which, in consequence of the first law of thermod)Tiamics, 
is an exact differential. Another exact differential can 
be obtained from (47) by dividing through by T, giving 
C(dT\ , c 3T^ , , 

^' = 'T\8^)^''^^T^^^ ■ ■ (''') 
which, in consequence of the second law, is an exact 
differential also. Operating on (ii) and {Hi), according 
to the usual method with exact differentials, we obtain 

5p Sv dvdr~ ^ ~ 5v 8p ^ '^dVdf ^'^^' 



and 



SC ST C 8T 8T C d'' T 



T 5p 5v Td p dv T dpdv 
Sc dT c dT dT c d^'T 



(v) 



T Svdp V dp dv T dpdv 
which reduces to 

SCbT {C-c) 8TdT Cd'_T_S^ 52^ _d^T_, 
Sp dv T dp dv'^dpdv~ 5v bp'^^dpdv^^' 

Combining equations {iv) and {vi), gives us 
C-c dT dT 



T dp dv 



= I or 



dv dp 
C — c = T ^ -J- J, . • • (48) 
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An interesting consequence of this equation occurs 
when a body passes through a point of maximum density 

while the temperature is varied. In this case -Tj^ = o 

and C ~ c = o, or the specific heats become equal at 

this point. 

If this expression for C — c is divided by equation (7), 

Sv . . 
we find h = — T-^^, which is Maxwell's fourth relation, 

and, dividing it by equation (10), we recover Maxwell's 

§p , 

third relation, or ^ = T-^r^. Hence it would have been 
1 

possible to derive (48) directly from Maxwell's relations 

and the heat capacity equations. The longer method 

has been used as it illustrates a very useful mode of 

procedure in obtaining thermodynamic equations. 

Two more equations similar to (48) may be obtained in 

like manner. By equation (3) we have dq = C dT + 

h d p, which is converted into an exact differential by 

subtracting p dv, or du = CdT + kdp — pdv, 

but p dv = d (pv) — V d p, hence du-\-d{pv)=CdT 

+ (h + v) d p, which, being the sum of two exact 

differentials, is exact also; therefore, operating as usual, 



(ii) 





dC _ 


dh 


dv 






dp ~ 


dT ^ 8T 


• 


but by (45), 


"---i^l- 






Sh 


dv 


^S'v 






5T ~ ~ 


dT 


dV 


• 


substituting 


this value of 
SC 


dh 
dT 


in (i), we 
S'v 


obtain 


* 


5p 


- T 


bV ■ 


• 



(49) 
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Proceeding in exactly the same manner with equation 
(4), we find 

7^=r-^ .... (50) 

As in the case of (48), equations (49) and (50) might 

have been obtained directly from Maxwell's relations. 

Thus (50) may be derived by differentiating (42), or 

5 p 
I = T -—=, with respect to the temperature, and substi- 
01 

tuting in (24), ignoring /; while (49) is similarly de- 
rived from equations (45) and (25). i 

General Expressions for the Specific Heats. — In the 
first chapter we obtained several expressions for the 
specific heat of a body that were independent of any 
hypothesis as to the nature and behavior of heat. We 
may now, however, by introducing Maxwell's relations, 
which depend upon the first and second laws, derive 
other expressions of more practical value. 

By combining equation (4), and the equation of 
Clapeyron (42), and dividing through by d T, we obtain, 
for unit mass, 

do rr,f^P\ ^v , \ 

-A = '^^\-Fr)jf ■ ■ ■ (5^) 

and a combination of equations (3) and (45) gives 

Jt^ '^ ~ '^\df) ~dT ■ ■ ■ *^5^^ 

While an expression involving both C and c is obtained 
from (47) by dividing by (i T giving 

dg _ ^(dT\ dv fdT\ dp_ 

dT ~^\dv)j,dT'^'^\dpJ^dT ■ ^53} 
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Equations Involving Thermodynamic Potential. — It 

was first pointed out by M. F. Massieu (1869-1876) 
that any coefficient determining the nature of a body 
such as h, I, C, c, etc., can be expressed as a function of 
any one of the potentials we have defined. Therefore, if 
we know any potential function of a body, we are able to 
determine all its characteristics. It is, then, most im- 
portant, not only to be able to determine these poten- 
tials, but also to deduce the relations that exist between 
them, and the various coefficients. 

Moreover, the independent variables may be expressed 
as functions of the partial derivatives of the potential 
functions. These latter relations are almost self-evident; 
thus we obtain directly from the defining equation of 
U in reversible processes, ordU = TdS — pdV, 

m.~-^ <«) 

and 

(zfI=~^ .... (55) 
Equation (54) may be written vr-Fj) = i, by setting 

dQ 
dS= -jT In this form it shows that when the volume 

is constant, the intrinsic energy varies directly with the 
heat received, or 

[dU = dQ]y (S6) 

Equation (55) shows that during an adiabatic expansion, 
the intrinsic energy decreases at the expense of the 
pressure. In deducing similar relations with the other 
potentials, we shall write for simplicity F = Fjy and 
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Taking the defining equation of F, (28), or d F = — 
SdT - pdV,it follows that 

fdP\ ^ JdF\ , , 

\'dT)y=-^^^'^^\-dv)r^-^ ■ ^57) 

From (29), dFsp = T dS +V dp, two similar rela- 
tions are obtained, or: 

and from (30), or d F' = V dp — S dT,we have 

Also since F = U - T S, by substituting for S from 
equation (57) 

^ = ^-^ (t?). • ■ • (60) 

which shows the possibility of finding inter-relations 
between the various potentials and their derivatives. 

A relation similar to (60), but between U and F' , can 
be obtained from the defining equation of F' , (30); 
substituting for 5 and V their values as found in equation 
(59), we obtain 

We are now able to determine the specific heats and other 
characteristic coefficients. Since by definition c = ( -t-=, ) 

and d q = T d s, we have \-Tf) = T [-ff) • Now 
differentiate S in equation (57) with respect to T, keeping 
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V constant, and substitute iov \-;^J its value just ob- 
tained, and we have for unit mass 

where / indicates the value of F for unit mass. To find 
C in terms of /, take equation (48) ; but it was shown 
on page 13 that 

(dT\ (dp\ ^ _ (d_p\ 

\dv)J^dT)^ \dv)T' 
therefore (48) may be transformed to 

but by (57), p = - (jj)^, hence, 

or substituting the value of c already found, we have 

I may also be expressed in terms of/, for, by definition, 
/= \-i-) , hence by aid of (57), we obtain 

Similarly k = ( tt ) , but by equation (13) , ^ = / ( -rr j , 
hence, making use of the value of /, in equation (64), 
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The thermo-elastic coefl&cients can also be expressed in 

I (dp \ 
terms of / as follows: By definition a^= 'r\~pp) , 

hence, using the value of p in equation (57), we have 

Similarly the isothermal modulus of elasticity £7- = — 
V i^) by definition; but differentiating (57) with re- 

((Pf\ (dp\ 

spect to V, keeping T constant, gives ^^j-jj = - \jz) 

and, substituting this in the defining equation for Et, 
gives us 

Er=^[%)^ .... (67) 

Also by equation (17), a^=^— — , hence, combining 
equations (66) and (67), and remembering that p = ~ 

_ 3V (df\ /(df) L_ 

"p" 8vdT\dvJT^ \dv^ T fd'f\ 

'y-dv'Jr 
which reduces to 

3V / fdV 



M). ■ . (») 



All these quantities can be expressed in terms of/' with 
equal ease, but the results will here be stated without 
proof. 
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C-c -' "^' ^^ ^C^'f'' 



t(J^\/(^) . . (70) 

h=-T-^'- (71) 

'^ 8T8p ^' 

l_T -^l-X(^) (72) 

""= ~TpJf/ ^\df)T • ■ ^^^^ 



" bphT/ \dpJ T 



-m)rA%)r ■ • ("^ 



£r , .., , .,^.j^ 



CHAPTER V 

PERFECT GASES 

Joule's Law. — We have so far assumed that the 
intrinsic energy, U, depended upon both the temper- 
ature and the internal molecular forces that vary 
with the state of a body, its volume, pressure, etc. If, 
however, the molecules are regarded as being so far 
apart that the influence they exert upon each other is 
neghgibly small, their internal energy can be a function 
of the temperature only, This, of course, assumes that 
other forms of energy, such as chemical, do not enter 
into the thermodynamic discussion. We may, then, 
regard d U as having the form KdT, where K depends 
only upon the temperature. Such hypothetical bodies 
are known as "perfect gases," and though no such gas 
exists, it is well known that all real gases at temperatures 
far removed from their critical points, such as hydrogen, 
hehum, etc., at ordinary temperatures and pressures 
approximate very closely to the behavior of an ideal or 
perfect gas. 

Making use of the fundamental postulate, dU = 
KdT, equation (27) becomes, for unit mass, d q = p dv 

f dq\ 
+ KdT, hence at constant volume, K = \-r^) ■ This 

derivative we have already called the specific heat 
at constant volume, c, which is thus shown to be a 
function of T only. Hence it follows that for unit mass 
of perfect gases, 

75 
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du = c dT, . . . . (76) 
and 

dq = pdv + cdT. . . . (77) 

But by equation (4), dq = cdT-\-ldv; comparing 
this with (77) it is evident that in the case of perfect 
gases I = p, since they are coefficients of the same 
differential in similar equations. 

Substituting this value of I in the equation of Clapey- 
ron (42), we obtain its equivalent for ideal gases, or 

' = ^ = K^). ■ . ■ ■ M 

fdp dT~\ 
This may be writtenl — =^=- , which on integration 

becomes log p = log T + constant, or in other words, 
p <x T, when we assume that at the absolute zero a gas 
would exert no pressure, thus reducing the constant to o. 
But this is the familiar law that at constant volume the 
pressure varies as the temperature, and is thus shown 
to depend upon our original assumption. 

This postulate may be stated in another form, in 
which it is known as Joule's law, stating that all the work 
done in compressing a gas at constant temperature is con- 
verted into heat; or, conversely, that the work done by a 
gas expanding at constant temperature is all at the 
expense of the heat supphed by the system. It is 
evident that this is equivalent to saying that the intrinsic 
energy cannot vary either with the pressure or volume 
and so absorb heat or supply energy. 

Boyle's Law. — The second fundamental postulate 
of perfect gases is Boyle's law, or [p v = constant] r- 
If this is combined with the statement that [p « T]„ 
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which has just been shown to be a consequence of Joule's 
law, we find that p v cc T, from which may be derived 
the law of Charles, or [v <x T]p. We may now make 
use of the familiar equation of perfect gases 

pv = RT (79) 

which combines, in one expression, the two most impor- 
tant laws of perfect gases. 

Importance of Perfect Gases. — The discussion of the 
properties of these imaginary bodies is of great value 
in the practical application of thermodynamics, for air 
and many other gases are sufficiently nearly "perfect" 
to justify our treating them as such, except in accurate 
observations and under high pressures, when the devia- 
tion may become very pronounced. Moreover, the 
equations relating to perfect gases are so much simpler 
and more easily derived than those of real gases, that 
it is well to develop them first, regarding them as limiting 
cases toward which real gases tend as they are removed 
from their critical temperatures; and then we may 
proceed, with their aid, to discuss the more difficult case 
of the real gases. 

Meaning of the Constant R. — In making use of the 
equation pv = RT, it is well to understand the exact 
significance of the constant of proportionality R. If 
p expresses the pressure in kg. per sq. metre, and 
V is the volume of one kg. in cu. metres, then R has a 
definite value, but different for each gas. If it is known 
for one gas, it is readily found for all others by comparing 
their specific volumes at the same temperature and 
pressure, or 
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But if, instead, v is taken as the volume occupied by a 
gramme-molecule of the gas, then, by Avogadro's prin- 
ciple, this volume will be the same for all gases at the 
same temperature and pressure, and R then becomes a 
universal constant for all gases, whose numerical value 
will depend only on the units chosen to express the 
three variables involved in the law. In what follows, 
unless otherwise stated, v will continue to stand for the 
specific volume, and R will, therefore, have a different 
value for each gas. 
Difference of the Specific Heats. — By equation (48) we 

Sv 8 p 
have C — c = T—7f, 7^; now from the partial differentia- 
01 01 

, , , „ ^ , . Sv R , 5p R 

tion of (70), pv = RT,we obtam-7j^ = -- and -ttp. = — > 

SI p 5T V 

substituting these values in (48), it becomes 

■R' 
p ) \^l ^ pv ~ RT 

The equation C — c = i?, if we introduce the mechanical 

equivalent of heat at this point, and set ^ = -j, becomes 

C - c = RA . . . (80) 

It shows that C — c is a constant for each gas, and since 
c can be a function of T only, the same must be true of C, 
while a knowledge of R and either of the specific heats 
enables us to determine the other. It does not follow, 
however, from the above proof, that C and c are individ- 
ually independent of the temperature at which they are 
measured, biit this is found by experiment to be very 
nearly the case for such gases as air, hydrogen, etc. ; and 
we shall, therefore, add this third postulate concerning 
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perfect gases: that the specific heats are constants inde- 
pendent of the temperature. This is really Clausius' law, 
which states that the specific heat of a perfect gas at 
constant volume is independent of the temperature. 
From this it follows that C is constant, too, since C — c 
has already been shown to be independent of the tem- 
perature. 

Summary of Postulates. — We have now seen that the 
the two fundamental assumptions with regard to perfect 
gases, or the laws of Joule and Boyle, give us, when 
combined, the familiar gas equation and all the ordinary 
properties of perfect gases. We further added Clausius' 
law which is not always included in the definition of a 
perfect gas, but which is really necessary in many cal- 
culations where we are forced to assume the specific 
heats constant. All three laws, while in a sense arbitrary, 
are justified by the tendency of gases toward approximate 
harmony with them, as they recede from their critical 
temperatures; and also by considerations based on the 
kinetic theory of gases, which would lead us to expect 
such laws in ideal bodies free from intermolecular forces 
or colhsions. 

Determination of the Capacities. — r;, X and h. — These 
quantities are readily found for the case of perfect gases 
by using equations (ii), (12), and (13), in which each 
depends on a partial derivative and a heat capacity 

5 T 
already determined. Thus, by (11), 17 = c — , but a 

. / X • sr V ^ 

partial differentiation of (79), gives-— = -^, hence we 
obtain 
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Similarly from (12), \ = C- — , and— — = -jj which fol- 

lows by partial differentiation of (79), we have 

Cp CT 
X = -^ = -- .... (8.) 

Using (13), ^ = / — and — = - —^, we find A = - 
— -5-, but I = p ioT perfect gases, hence 

h=-^= -V . . . . (83) 

Determination of U, S, E and F'. — These functions are 
found as follows: Since (f C/ is an exact differential, it 
is easy to integrate it between any assigned limits. 
Taking U„ as the potential of the gas at some arbitrarily 
chosen lower limit of temperature, and integrating 

I dU = I c dT, we have for unit mass 

u = Uo + c{T -T,) . . . (84) 

Dividing (77) by T it becomes -^r = d s = -=^dT + p-;j^ 

which is an exact differential. Integrating between T 
and To we obtain 

rr-\ 

s = So+ clog-TfT + Rlog-- . . (85) 

where s„ is the entropy at the arbitrarily chosen tem- 
perature To and corresponding volume v^. To obtain 
F, take dF = dU - d{T S), or, for unit volume, 
d i =du — Tds — SodT. Integrating, and substi- 
tuting for u - Uo from (84) and s — So from (85), 

f-fo = c{T~To)- Tc\og^- TR log^-s,(T-T„) 
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or 

f = fo+(c-So){T-T,)- T clog^ -T R log-(86) 

Similarly d F' = d{U - T S f ^ F), or for unit mass 
df= d iu —Ts + pv), this may be integrated in the 
same manner, and becomes f = f'„+ c (T- T„) 

- s, (r-r„) - c r log I -i?riog- + i?(r- rj. 

But C — c = R and v = — — , hence, substituting these 

values,the above expression becomes/ =f'o+RTlog -^ — 

cT log ~+iC-s;){T-T„) (87) 

(Note : We might, with equal ease, have determined 

F or F' before the heat capacities, and then have found 

h, I, C, etc., in terms of the potentials by equations (62) 

to (75). This method has many advantages, but the 

older way seems clearer and more convincing to the 

beginner in thermodynamics.) 

Thermoelastic Coefficients. — These quantities, in the 

case of perfect gases, are obtained from the complete 

■ differential of (79), or p dv + vd p = RdT, dividing 

, T, ^ , dv dT dp , , 

hypv = RT,we have — " = "^ ir, but by equation 

d V 
(14) — = — yj- d p +ap d T. From a comparison of 

these equations, it is evident that Up = -=;, while Tr = 7 = 

I Ex I 

E^, and a„ which is equal to ap—, reduces to a^ = -^, like 



We thus find that the two "coefi&cients of dilatation" 
6 
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ar^ each equal to the reciprocal of the temperature, while 
the modulus of elasticity at constant . temperature is 
equal to the pressure, which is a well-known property of 
perfect gases. 

Determination of Q During a Transformation. — 
Another important quantity is the amount of heat 
involved in any transformation of a perfect gas, ex- 
pressed in terms of p, v, and T. By equation (4), 
dq = c dT + I dv, and since for perfect gases, I = p, 

we may substitute I = p = : = (C — c) — 

.■.dq = cdT + (C-c)T — . . (88) 

and since h = — v, we derive in an exactly similar 
manner, 

dq = C dT - (C- c)t'^ . . (89) 

Equations (88) and (89) are useful in calculating heat 
added at constant pressure or at constant volume. 

Further if equation (77) is written in the form d q = 
c d T -\- A dw, it shows clearly that, in general, when 
we heat a perfect gas, a portion of the heat goes to 
raising the temperature, and the rest is consumed in 
doing external work. But if the heat is added isother- 
mally, oxdq = A dw, it is all converted into work, which 
is Joule's law, as has already been stated. If the gas ex- 
pands adiabatically d q = o and c dT = —A dw, or 
integrating between Ti and T2,c(Ti— T2)— Ui— U2= — 
A w, hence in this case it is clear that the work is done 
at the expense of the intrinsic energy of the gas. 

Adiabatic Transformations. — The special case of an 
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adiabatic can be examined in more detail by aid of the 
general equation (2) , or 

dq = \dv + r]dp 

c T CT 

Substituting (81), ij = --, and (82), X= — 

p V 

we obtain, for perfect gases: 

CT dv c Tdp . , 

dq = 1 -— . . . (ooj 

^ V p 

which is readily converted into an exact differential by 
dividing by T, giving 

C dv c dp 



d s = 



V p 

Cdv cdp 



If the change is adiabatic, d s = o and 

" ' V p 

Since C and c are constant for perfect gases, their ratio 

is also constant. This ratio which occurs constantly 

in dealing with gases will hereafter be designated by the 

c 

letter k, which is equal to — , and has a certain fixed 

value for each gas that is regarded as "perfect." 

Dividing the last equation by c it may be writ- 

d v dp 
ten K h — = o, on integrating, this exact differential 

becomes k log v + log p = constant, which is readily 
transformed to 

^ /= constant, or iS^, . . . (91) 

which is the equation of the adiabatic curves of a perfect 
gas on the pressure- volume diagram. The numerical 
value of K is 1. 4 1 for air and most other diatomic gases or 
mixtures of such gases. Monatomic gases have a higher 
value, or about 1.67, while for such gases as CI2, Brz and 
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I2, which are partly dissociated at ordinary temperatures, 
the value of k is about i .30. 

The constant of integration in equation (91) is readily 
found if the value of p is known for any arbitrarily chosen 
temperature. Suppose this temperature is 0° C, then 
we have p^ v„= R T^, raising to the /cth power it be- 

comesVo =[——) ,0T poVo = ,_, . But durmg an 

^ Po ' Po 

adiabatic transformation, pv' = p^ i>/ 

• ■ pi> =T^r=^ .... (92) 

which is the equation sought, in terms of known quanti- 
ties. 

Isothermal Transformations. — The case of isothermals 
is even simpler. Since pv = RT, if T is constant p v 
is constant, which shows that an isothermal plotted on 
the p V diagram is an equilateral h3^erbola, and this 
curve is the graphic expression of Boyle's law. 

External Work During an Adiabatic Expansion. — 
We have already seen that during an adiabatic change 

Ui— 1/2= —AW, where A = -^ or, for unit mass 
and hydrostatic pressure 

Aw = Ap (v,- v^) = c (T2- rO . . (93) 
This may be expressed in terms of k by virtue of the 

relation C — c = RA; dividing by c we obtain = 

RA RA 



-, or K — I = or 

' c 



c = — TT (94) 
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hence 

«' = -7^- • • • (95) 

If we substitute pv = R T, (95) becomes w = 

PlVl — P2V2 , . Vn 

; and further, setting — = r, the ratio of ex- 

K— I Vi 

pansion, and remembering that piVi=p2V2, we obtain 

p,v^{i-r^-') 
w = —^ . . . (95') 

Change of Temperature During an Adiabatic Expan- 
sion. — It is frequently desirable to determine the change 
of temperature of a perfect gas for a given ratio between 
the final and initial volumes, during an adiabatic ex- 
pansion. We have already seen ( on page 82 ) that 
c d T = — A dw ior an adiabatic change, ot cdT = — 

d V 

A p dv, and dividing hy pv = RT, we have A — = — 

cdT 
p y , which becomes, on integration : 

^°s(-|) = -^ iog(r;) = ;^ i^glr;) ' ^^'^^ ^^ '^^'^^y 

transformed to 






= {T- .... M 



V 

where r = — , or the ratio of expansion. 

The graphic significance of this equation is that any 
adiabatic, intersecting two given isothermals, cuts them 
at two points the ratio of whose volumes is constant. 
Or, in other words, any adiabatic expansion between 
the same two temperatures, involves the same ratio of 
expansion. 
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External Work During an Isothermal Expansion.— 

The work done during an isothermal expansion has 
been shown to be given by dq = A dw, or, if the 

RT , 
pressure is hydrostatic, dw = p dv, but p = —— , hence 

dw = R T — , where T is constant. Integrating between 

V 

the Hmits of the final and initial volumes it becomes: 
w = RTlog— = RTlogr 

hence, during an isothermal expansion, 

q = A w = A R T log r, or 

w = RTlogr . . . (97) 

External Work During any Closed Cycle. — If a body 
is carried through a closed reversible cycle the integral 
oi dU taken over the cycle is zero, just as it is for d S, 
both being exact differentials. 

But for perfect gases and unit mass, du = c dT, 

.' . J c dT = o, around any closed path. Integrating 

equation (77) with this in mind, it becomes q = 

A I p dv, which shows that the external work done 

by a perfect gas carried through a closed cycle is at the 
expense of the heat Q, which must have been supplied 
to it from an external source. 

The Camot Cycle Using a Perfect Gas. — This cycle, 
though difficult to approximate experimentally, is 
extremely simple from a theoretical standpoint, and will 
therefore be considered before the cycles found more 
often in practice. Since, as we have just seen, the work 
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done during any cycle is at the expense of the heat 
supplied from without, and since no heat enters the gas 
during the two adiabatic changes, — it follows that the 
work done must be equivalent to the difference between 
the heat absorbed during the isothermal expansion, and 




Adiabatic 
Adiabatic 



Fig. 15. 

that rejected during the isothermal compression. We 
have shown that during an isothermal expansion 

qi = A RTi log ( — j (see p. 86) per unit mass of the 

working substance, where Ti is the temperature of the 
body and % and Vi its final and initial volumes respect- 
ively. Designating by % and v^ the initial and final 
volumes of the isothermal compression, and by T2 
its temperature, the heat rejected to the refrigerator is 

qi = ART2 log — . But it has already been pointed 

out that the ratio of volumes of any adiabatic intersect- 
ing two isothermals is a constant, hence, as will be 

evident from the diagram, — = — = r, therefore 
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qy-q2 = Aw = AR(T,- T2) log r . (98) 

which gives the work per unit mass of the gas perform- 
ing a Carnot cycle. 

Cycle of Constant Pressures and Constant Volumes. — 

Another simple cycle of 



■"aPa 



■"bPa 



^aPt 



some practical interest is 

a rectangle on the pv 

^ p diagram, as indicated in 

' Fig. 16. As before, the 

~^ total external work is 

equal to the difference 

between the heat received and that rejected during 

the cycle, or J dQ = AJ dW. Take equation (88), 

p V 
and eUminate T by the relation T — 



R 



. and we obtain: 



cv d p C pdv 

There are four steps to be considered. First, keeping p 
constant, the above equation becomes: 

Cpa, 



next, keeping v constant, 



■ (■Z'a-J'6) 



g'2, 3 = -^KPa- Pb) 



R 



third, keeping p constant. 






fourth, keeping v constant, 



?4, 1= -^ [pb- Pa) 
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Taking the sum of the steps, we obtain, 
C c 

s g = ^ (Pb- Pa) (vb- O - -^ K- O (Pi- pj 

or, 

C-c 

which conclusion could readily have been predicted. 

The " Stirling Cycle." — A less simple cycle, but one 
that has been approximated in practice in a certain 
type of hot-air engine, is bounded by hues of constant 
volume and constant temperature. Here again equation 

(88) may be used if we substitute p = and multi- 
ply by A to reduce to heat units, giving dq = cdT-\- 
ART^. 

V 

During the first isometric change, from ^ to J5 (see 
Fig. 17, p. 90), V is constant a.nddv = o; 
hence : 

J <^ 9ab = c J dT, similarly 

r ^ p"' dv 

J d q^c =A R TiJ — , because T = o 

J dqcD = cJ dT 
fdq^^=ARTj^^^ 



U3 



.-. Sg = (c-c)(r.- roiogr 

■ . ^q-= Aw = R{T^- T^\ogr 

which is the same expression as that derived in the case 
of Carnot's cycle. This was to be expected, however, 



go 
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from Carnot's principle, by which all reversible engines 
working between the same temperature limits have the 
same efficiency, and if we assign the same value of r to 

the two cycles, the 
same quantity of heat 
will be absorbed, 
and consequently the 
same external work 
performed. 

Experimental De- 
termination of C. — 
The actual measure- 
ment of the specific 
heat of a gas, approx- 
imating at all closely 




Fig. 17. 



to a perfect gas, is most difficult owing to the low density 

of such bodies at the temperatures and pressures at 

which they must necessarily be measured, in order that 

they may be sufficiently removed from the critical point. 

The specific heat at constant pressure is more readily 

measured than that at constant volume, and if C is 

C- 
known, c may be found either from A = 



-c C 



provided J? or k are known for the gas in question. 

The method used for finding C is to pass the gas from 
a receiver through a heating coil, and then into a calori- 
meter consisting of a "worm" immersed in water. The 
flow is made very slow, so that the pressure throughout 
the calorimeter is sensibly the same, and constant 
during the run. The specific heat is then calculated from 



the equation : 



MC (: 
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where M is the amount of gas that has passed through 
the calorimeter, T is its initial temperature, T^ and Ti 
are the initial and final temperatures of the water, and 
M' is the mass of the water and the " water equiva- 
lent " of the calorimeter. In this equation it is 
assumed that there is no loss of heat from the water, 
and that the temperature rises uniformly from start to 
finish. This will approximately be realized if T is much 
larger than both Tg and Ty. The value of C for air is 
0.23. It is found to be practically independent of the 
temperature and pressure, thus agreeing with our 
assumption that at ordinary temperatures and pressures 
air behaves like a nearly perfect gas. ' 

Experimental Determination of k. — ^The ratio of the, 
specific heats of a gas that is assumed to be perfect is 
best determined by measuring the velocity of sound 
through that gas. This velocity is shown to depend 
upon K as follows: Newton proved that the velocity 
of a longitudinal wave through an elastic medium is 

given by M = Aj — , where u is the velocity, E is the 

modulus of elasticity and p is the density of the medium. 
It was found that this equation gave satisfactory results 
for solids and liquids. In the case of gases, Newton 
modified it by substituting the pressure for E. This 
equahty was derived on (p. 8i ), where it was found 
that for a perfect gas Ej = p; hence, in making this 
substitution, Newton assumed the temperature to be 
constant during the passage of the wave. Using the 

formula m = -J — gives a result that is more than 15 
per cent too low. The error is due to assuming the 
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temperature constant and using the isothermal modulus. 
Instead, the adiabatic modulus £, should be employed, 
for the compressions and rarefactions do produce heat- 
ings and cooUngs which are, however, of such short du- 
ration that they may be considered as strictly adiabatic. 
But we have already proved, see (17'), that£j= kEj-, 
therefore 

.e,= K p .... (99) 

and the true expression for the velocity of sound in a 
gas is 

(100) 



« -i'f- 



which gives the velocity approximately as determined 
by direct experiment. This is known as Laplace's for- 
mula and it is applicable to all supposedly perfect gases; 
but Newton's formula is used in the case of Hquids and 
solids, because the compressions and expansions are too 
small to produce any appreciable change in temperature 
and the modulus of elasticity may be taken as Ex- In 
fact no other modulus is ordinarily considered, and we 
write simply E. In actual experiment, it is usual to 
reduce the readings to 0° C, by the modified form of 
Laplace's equation, 



u, 



= \ -— (i + 0.003665 t) 



where p is the observed pressure and p„ the density at 
0° C. of the gas in question. The apparatus used is 
some form of Kundt's tube, as described in all elemen- 
tary treatises on sound. 

Method of Clement and Desormes. — A totally differ- 
ent and much less accurate method for determining k 



PERFECT GASES 



93 



was used by Clement and Desormes in 1819. It is 
interesting historically, however, and is a good illustra- 
tion of some of the principles of perfect gases. A large 
receiver R having an ample neck is fitted with a 
stopcock S, so that R may be easily and rapidly thrown 



t^ 




Fig. 18. 



into free communication with the atmosphere. A side 
tube of smaU diameter connecting with R, as shown, is 
arranged to dip under the surface of some colored liquid 
whose density p is known, and is thus a manometer 
capable of indicating the pressure in R over a small 
range, less than the atmosphere. 

The receiver is to be partially exhausted until the 
liquid in the manometer rises to a height di; then close 
5 and allow sufficient time to establish equilibrium 
between the temperatures within and without the 
receiver. Now open S, allowing the Hquid in the tube 
to sink to o, and instantly close 5 again. If this process 
is sufficiently rapid, and if the receiver is large enough, 
we may assume that the compression caused by the in- 
rushing air was adiabatic, since there was no time for 
the heat generated to escape, and the air in the vessel 
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is thus warmer than the surrounding atmosphere. The 
increase in pressure is A pi = a, p g. After the stop- 
cock is closed again a much slower change takes place. 
The air in R cools down to the temperature outside, and 
the manometer indicates a slow fall in pressure until it 
stands at a new level a2, which indicates a pressure 
change A p2= 0,2 p g- This latter change is sensibly 
at constant volume, since the bore of the tube is small 
compared to R. During the first, or adiabatic change, 
dq = o, hence, by equation (3), 

l^^ = —}rX 

During the second change, when v is constant, by equa- 
tion (7), 



hence for the finite changes observed, we have 

C 
h 



Api = a,pg = --J- ATr . . . (i) 



and 



{C-c)AT2 ,..- 

A p2 = a2 p g = 7 . . («) 



But ATi = AT2 since the vessel ultimately returns to 
its original temperature, therefore, dividing (i) by {ii), 
we obtain 

Oi _ C 

fflj C — c 

C (Xi 
or — = K = 



This method is open to serious experimental difficulties, 
some of which are noted in Preston's "Theory of Heat" 
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(p. 291) . But it has been repeated by numerous observers 
who have partially eliminated these errors. In the more 
recent attempts it has been found better to compress 
the air in R rather than to exhaust it (see Poynting,* p. 
292), and the values of k thus obtained agree excellently 
with those found from the velocity of sound. 

Rate of Flow of Gases Under Pressure. — An important 
application of the laws of perfect gases is the considera- 
tion of the flow of such gases through tubes under 
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Fig. 19. 

pressure. Suppose the surface of a piston moving in 
the large cyhnder as shown in Fig. 19, is advanced from 
.4 to ^' so as to displace a unit mass of the gas, and 
suppose a section of the gas in the tube advances, in 
consequence, from B to B' with a velocity u. Let Vi 
be the volume swept out by the piston [i.e., the specific 
volume of the gas in the cylinder), and let Vi be the 
volume swept out by the advancing section in the tube, 
between B and B' . Let p^ and ^2 be the pressures in 
the two volumes considered where />i > pi as long as 
the piston is moving. Further let Ti equal the temper- 
ature of the gas after undergoing compression and T^, the 
temperature after expansion, or the temperature of the 
undisturbed gas. If the piston moves at a uniform 
rate, then p^ is constant, and the mechanical work done 

* "A Text-Book of Physics, Heat"; Poynting and Thomson, pub- 
lished by Lippincott. 
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by the piston in sweeping out the volume we are consid- 

ering is equal to ^, Vi = Rj d T, or p,Vi=R {Ti — T^). 

But this work done on the gas in the cylinder 
results in two effects in the gas in the tube. Owing to 
the small section of the tube, the unit mass of gas will 

acquire a kinetic energy equal to— m^, an effect which 

was negligible in the slowly moving gas in the cylinder; 
moreover the gas in the tube expands back to its original 
pressure, and so loses temperature or intrinsic energy; 
hence the work done on the gas, piVi = R (Ti— T2) = 

-u^— c J (Ti— T2). Substituting R = J (C — c), this 

equation becomes 

^u' = J C (Tr- T2) . . (loi) 

This expression, for the velocity, may be transformed 
to depend upon the pressures, which are more easily 
measured than the temperatures. If the expansion is 
sufficiently rapid it may be regarded as adiabatic, hence 
we may use equation (96), or 

this is readily transformed to 



^©■"' 



\-y . . . . (102) 



V ( i> \ — 
by substituting - = ( -j ) " , which follows from equation 

1)2 ^ p\' 

(91). Substituting (102) in (loi), we obtain, 



A 



2CT,J{p,^ -p, « )/ p,~- (103) 



K— I 
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in which the velocity is expressed in terms of the initial 
temperature, and the two pressures. 

Expansion Into a Vacuum. — If the gas expands into a 
perfect vacuum p2= o .' . (103) reduces to 

u^ = 2C TiJ . . . (104) 

This gives the highest attainable velocity of a compressed 
gas at any given temperature Ti. In the case of ordinary 
atmospheric air under the usual conditions of tempera- 
ture and pressure, this velocity is about 800 metres per 
second. It is interesting to note that this velocity de- 
pends upon the specific heat at constant pressure, rather 
than the specific heat at constant volume. Thus it is 
clear that the kinetic energy developed is at the expense 
of both the thermal and mechanical energy due to 
compression; for if it depended on c it would be due 
to the thermal, or intrinsic energy only, as has already 
been explained; while a purely mechanical storing up 
of energy in the compressed gas would be at constant 
temperature and therefore proportional to R, or C — c. 

Height of the Atmosphere. — The height of the earth's 
atmosphere can be roughly determined by means of 
the laws of perfect gases. Suppose the various hor- 
izontal strata of the atmosphere are in absolute thermal 
equilibrium, so that there is no flow of heat from one to 
the other; then T at any given height is constant, and 
since there is no transfer of heat, we may regard the 
state as adiabatic. 

Also suppose the acceleration due to gravity, g, 
constant and independent of the altitude. Let p = the 
density at any altitude, let h be the height, and p and v 
the pressure and specific volume, then 
7 
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-dp = pgdh = g-^ 

hence —vdp=gdh (i) 

but for perfect gases, 

pdv + v dp = R dT . . . {ii) 

and since this state is adiabatic, pv" = constant , 

. ■ . taking the total differential of this equation we have 

Kpdv + vdp = o . . . {Hi) 

Eliminating pdv between (ii) and (Hi), 

KRdT 

vd p = 

which may be substituted in (i), giving 

dh = r-^ R dT . . . (iv) 

from which it is evident that the temperature diminishes 
as the altitude increases. Now substitute R = (C — c)J 

C J 
and K = — , and (iv) reduces to d h = C dT. Inte- 

c ' g 

grating between the limits o and H, and Ti and o, we 
obtain 

H = ——. .... (los) 

where H is the height of the adiabatic atmosphere and 
Ti is the temperature at the surface of the earth. This 
could have been obtained directly from the equation 
of the expansion of a gas into a vacuum, for the kinetic 
energy of a gramme of air rushing into a vacuum at the 
surface of the earth is equal to the potential energy of 
the same mass at the top of the atmosphere, by the 
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familiar principle of Torricelli. Hence —ii = g H, but 

I J CT 

-u'=J C Tx by equation (104) ' . H = -, as above. 

This value of H is about 27 kilometres and the tempera- 
ture gradient thus indicated is approximately 1° for 100 
metres, which is substantially true near the surface of 
the earth. 

Barometric Measurement of Altitudes. — The determi- 
nation of altitudes by means of the barometer is usually 
based on the assumption that the atmosphere is isother- 
mal, rather than adiabatic. Therefore, assuming T 
constant, the height of the so-called "homogeneous atmos- 

P 
phere," H', is constant, for by definition H' = — , but 

A = ^ = M!.=^Z:e= constant. 
pg g g g 

Substituting —r, for p g'va. the equation — dp=pgdh, 

£1 

we obtain dh = — S'^ ; then integrating between and 

7? T 

h, and substituting -" for H' 

^ = ^-log|" .... (106) 

where po and To are the pressure and temperature at 
sea level. 

But it is also possible to calculate h on the assumption 
of an adiabatic atmosphere, as in the last paragraph. In 
this case pv"" = K; therefore ehminating v from — vdp = 
gd h,we obtain 

K^ dp 
dh = — 

^ p~^ 
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Integrating as before 

I 

and substituting the value of K given in (92) 

g{K-x)\ \pj I 

where h may be computed if the pressure and temperature 
at sea level have been observed simultaneously with the 
pressure at h. 

This method of calculating h is much more accurate 
at great altitudes than the former, as may be seen by 
setting /> = o in (106), which makes h infinite; while, 

'\i p = ova. (106'), h becomes — — °-\ ; but by (94) R = 
J (k — 1) c, or R =--^ i — ; hence, substituting for i?, 

K 

J C T ■ 

h= ^, which is the height of the adiabatic atmos- 

g 
phere as proved in the preceding paragraph. 



CHAPTER VI 

REAL GASES 

In the last chapter we considered the behavior of 
bodies whose internal energy varied with the temperature 
only. This amounts to tacitly ignoring the intermolec- 
ular actions that may exist even in the case of the most 
nearly perfect gases. In the case of such gases as 
hydrogen and oxygen, however, such an assumption 
leads to no very serious error at ordinary temperatures 
and pressures, but if we examine the behavior of carbon 
dioxide, or any other gas whose critical temperature 
and pressure are not too far below the ordinary tem- 
perature and pressure of the atmosphere, or if we 
subject even hydrogen to a very low temperature and 
high pressure, the assumption that they behave as per- 
fect gases gives results very far removed from the ex- 
perimental facts, and we should be wholly wrong in 
treating them as the ideal bodies assumed in the last 
chapter. 

In such cases the deviations from the laws of Boyle, 
Charles, and Clausius are very marked, and we are forced 
at once to abandon the simpler relation pv = RT and 
look for an equivalent expression that may give a closer 
approximation to the actual facts as determined by 
experiment. Moreover, the specific heats may no longer 
be regarded as independent of the temperature, and 
new expressions for C and c, as well as for all the other 
thermal capacities, must be found. 
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Possibility of Accurately Expressing the Laws of a 
Real Gas. — ^Various attempts have been made to express 
the relation between p, v and T in an equation that 
will hold under all possible conditions of a gas; but none 
have so far proved absolutely accurate, and it is probable 
that the relations involved are so complex that no per- 
fect solution will ever be achieved. In fact Kamerlingh 
Onnes, of Leyden, has practically admitted this by 
abandoning finite equations, and making use of an 
infinite series in negative powers of v in order to express 
the long-sought relation. 

But we shall here discuss two earlier partial solutions 
of the problem, whose comparative simplicity makes 
them available for numerical calculations, and they 
3deld results that are remarkably accurate within certain 
ranges to which each equation seems peculiarly adapted. 

Practically all proposed solutions of this problem, till 
that of Onnes, have been of the general form 

where a certain function ir is to be added to the pres- 
sure, and a certain other function must be subtracted 
from the volume. The function tt may involve both 
volume and temperature, while is a function of the 
volume only. The various solutions, however, differ as 
to the exact nature of these functions. The addition to 
p is necessary because of the intermolecular attractions, 
and the diminution of v because of the effective reduction 
of the volume of the gas by the volume of the molecules 
themselves, thus involving colhsions between them. 

Van der Waals' Equation. — This solution is the most 
celebrated of any, and perhaps the simplest, although 
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it is not the most accurate. It has one great advantage 
over the others in that the meaning of the constants 
introduced is fairly apparent. Van der Waals assumed 
that: 

{p+^,)(v-b)=RT. . . (107) 

in which R has the same value as in the simpler equation 
for perfect gases, and a and b are' constants dependent 
upon the nature of the gas. It will be noticed at once 
that the specific volume v has been reduced by a constant 
volume b which, as was said above, depends upon the 
volume of the molecules. In fact b is called the co- 
volume, and is the least possible space occupied by 
the molecules if they are crowded together. If the 
volume occupied by a gramme of the gas becomes equal 
to this co-volume, then v = b and T = o. In other 
words, this crowding would only occur if the temperature 
were reduced to the absolute zero, and the agitation of 
the molecules ceased altogether. 

The quantity a/v^ must obviously be in the nature of 
a pressure, or intensity of a force, and the constant a 
determines the amount of this force which varies in- 
versely as the square of the specific VDlume. The 
reason for this is apparent if we consider that the 
attraction between any two portions of a gas must vary 
as the number of particles in each, and therefore varies 
as the product of the two densities. But the density 
is constant throughout a small body of gas in equihbrium, 
hence the attraction must vary as the density squared, 
or inversely as the square of the specific volume. This 
quantity, a/v^, obviously tends to diminish the pressure 
due to the bombardment of the molecules on the walls 
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of a containing vessel, hence it must be added to p 
in order to obtain the true internal pressure of the 
gas. Further it should be noticed that in the case 
of a very "light" gas like hydrogen, v is very large, and 
this correction is insignificant, but it increases in im- 
portance as V diminishes. 

Plotting Van der Waals' Equation. — The graphic form 
and properties of Van der Waals' equation may be 
investigated by a very simple analysis. If the equation 
is solved for p, it becomes 

RT 



P = 



+ 



v — b' 



(io8) 



V 



^■p. 



Now set - a/v^ = pi and R T/{v - h) = p.,. Then 
plot two isothermal curves for pi and p^ using vol- 
umes as abscissae. A 
third curve whose or- 
dinates are the sum of 
the ordinates of the 
last two, or pi -f p^, 
plotted as a function 
of V, expresses the rela- 
tion between p and v 
in Van der Waals' 
equation, assuming the 
temperature constant. 
This is shown in Fig. 
20, where the dotted 
curve gives this rela- 
tion for an arbitrarily 
assumed value of T over a small range of volumes. The 
particular case represented applies to a very low tem- 
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Fig. 20. 
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perature (i.e., far below the critical temperature of the 
gas). Here it will be seen that for rather large specific 
volumes the pressure becomes negative, which means 
that there exists a tension in the body. This apparently 
anomalous conclusion 
can be experimentally 
realized in the liquid 
state (and Van der 
Waals' equation is in- 
tended to cover both 
the liquid and gaseous 
states at low tempera- 
tures). Prof. Bouty of 
the University of Paris, 
by carefully expelling 
all trace of air, has suc- 
ceeded in producing a 
tension of half an at- 
mosphere in a column 

of water, and nearly one atmosphere in a column of 
mercury. At temperatures, however, not too far below 
the critical, the curve obtained by plotting Pi + pi 
takes the familiar form shown in Fig. 21. 

Experimental Verification. — Experiment only partially 
justifies the pecuHar form of Van der Waals' curve at 
temperatures below the critical value. In ordinary 
observations the isothermal goes directly from p to q, as 
indicated by the dotted line, and does not follow the 
curved path of the equation, thus producing two points 
of discontinuity. Now it is natural to regard discon- 
tinuity in curves that express some fundamental relation 
as more or less accidental, even if the accident almost 



Fig. 21. 
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universally happens. In point of fact we may so regard 
the points p and q. It is evident that at the point p 
begins a sudden increase in volume while the pressure 
remains constant, which indicates the sudden vaporiza- 
tion that occurs when the pressure on a liquid is sufficient- 
ly reduced. This will continue at constant pressure 
until all the hquid is vaporized at q. From there on, 
the vapor continues to expand, as the pressure is further 
reduced, following a continuous curve. Now, if the 
pressure is lowered over a liquid imder certain very 
special conditions, we' can carry the curve without 
discontinuity nearly to the point A . Similarly a vapor 
free from dust or other condensation nuclei may be 
supersaturated nearly up to the point B. If, however, 
we attempt to pass beyond A or B there will be an ex- 
plosive transformation involving either a sudden and 
complete vaporization, or an equally abrupt condensa- 
tion, because the portion of the curve between A and B 
is essentially unstable, representing as it does the 
anomalous condition of the volume and pressure increas- 
ing simultaneously. 

It may be that the substance really does follow the 
curved path, although the change is so rapid that it 
cannot be detected. Since condensation nuclei or dust 
particles may be regarded as accidents in a liquid or 
vapor, we are justified in considering a continuous curve 
like that of Van der Waals as an approximate representa- 
tion of the ideal transformation from Hquid to vapor, or 
vice versa. 

Singular Points in the Curve. — In order to locate the 
points A and B, differentiate the original equation, 
solved for p, giving 
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dv 



2a 



RT 

{v-bf 



setting this equal to zero to obtain a maximum or 

minimum, 

2a RT , . 

~~3 ~ 7 T\2 .... (100) 

A solution of this equation would locate A and B on any 
isothermal. The points of discontinuity p and q may be 
found graphically as 
follows : It was proved 
on (p. 52) that the 
external work in- 
volved in carrying a 
body through an iso- 
thermal cycle is zero, 
hence, since the 
shaded areas indicate 
work, and if we con- 
sider the isothermal 
cycle p A c B qc p, it 
follows that the area {p' p A c B qq' — p' p qq') =0, 
since this is proportional to the work done during the 
cycle. Expanding this relation, we obtain, 

p' pAcc' + c' cBqq' - p' p c c' - c' cqq' =0. 

But p' pAcc' - p' pec' = - pAc, and c' c B q q' - 
c' c qq' = -\- c B q .'.cBq — pAc = o, hence the 
areas of the two shaded loops are equal. Therefore, to 
find p and q, lay off a horizontal line p q, so that the 
two intercepted areas are equal, and the intersection 
of this hne with the curve determines p, q and c. 
Between A and B there is a point of inflection (not 




Fig. 22. 
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necessarily at c) which is found by setting the second 
derivative d'^ p/d v^ = o, which gives 

- 60 2RT , , 

— 'i. r -, — 7V5 = o. . . . (no) 

A solution of this equation would locate m (Fig. 21), 
which is supposed to be this singular point. 

Critical Point. — There is a certain isothermal, as 
indicated in Fig. 21, where the two loops vanish at C, 
thus indicating two equal real roots of equation (109). 
But equation (no), where d'^p/dv^ = o, also applies 
at this point, and a combination of them both makes 
it possible to determine the values of the pressure, 
volume, and temperature at the critical point C. The 
solution for v then follows by eliminating R T between 
(109) and (no), and there results 

i>c = 3^, (iio') 

where v^ is the critical volume. 

Substituting this value of v in (109), gives: 

T.'^~ - - . fao") 

where T^ is the temperature of the isothermal passing 
through C, or simply the critical temperature. Intro- 
ducing these values of the critical volume and critical 
temperature in the original equation of Van der Waals 
(107), it becomes 

where p^ is the critical pressure. 

Comparison with Perfect Gases. — If we eliminate 
a and b, by aid of these values of the critical volume, 
temperature, and pressure. Van der Waals' equation' 
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reduces to the very simple form 

Pc-Vc=-gRTo .... (ill) 

Comparing this with pv = RT, iti?, evident that the 
critical volume is H of the value that would be called 
for, a pv = RT were true at the critical temperature; 
hence the critical density is 2.67 times larger than for a 
perfect gas. It is found that in case of such diatomic 
gases as N2 and O2, the ratio is 3.8, while in the case of 
more complex gases it is even higher; methane, for 
instance, having a density 3.85 times too great for a 
perfect gas, at its critical temperature. But in the case 
of the monatomic gases this ratio closely approximates 
the theoretical value, being, for instance, 2.71 in the 
case of argon. This would seem to indicate that assum- 
ing the co-volume 5 to be a constant is only admissible 
for monatomic gases. 

Law of Corresponding States. — We have just seen 
that Van der Waals' equation may be expressed in terms 
of the critical values of the temperature, volume, and 
pressure of the gas considered, hence if we measure the 
three variables in terms of their critical values, we shall 
rid the equation of quantities that depend upon that 
particular gas, and so render it applicable to all gases. 

p T V Pa 

Therefore \etP = -j-, 6 = 7fr a,nd V = -, then p = —75, 

Pc ■'■ c ^c 270 

8/2/9 

T = — 7-^, and v — ^V b. Substituting these values in 

Van der Waals' equation, it reduces to the remarkable 
form 

' {p + Y^(3V-i) = 8e . . (112) 

This is a unique expression applicable to all gases. 
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though it involves different units of measure for each 
gas. Thus if a series of isothermals is plotted, as in 
Fig. 21, for a particular gas, using any scale for p and 
V, a similar series representing any other gas may be 
made exactly to coincide with the former set, by 
properly extending or reducing the p and v scales. 
This is known as the theorem of "corresponding states," 
because, according to the theorem, two gases, whose p v 
and T are numerically the same when measured in terms 
of the critical values of those quantities, are physically 
in an exactly equivalent condition. It should be ob- 
served, however, that this theorem can only be proved 
when there are not more than three constants in the 
defining equation. If there are four constants or 
more, it is obviously impossible to eliminate them all 
by choosing some particular scale for the three variables. 
We can, therefore, only regard this theorem as a very 
interesting property of a Van der Waals body, but not 
exactly in conformity with the facts, any more than Van 
der Waals' equation exactly describes any real gas. 

Various Properties of a Van der Waals Body. — 
Equation (107) is readily solved for p, as in (108), 
but it is a cubic in v, having three roots, all of them real 
over a small range of pressure. Outside this range two 
•ire imaginary, which is evident from the form of the 
curve; hence many of the functions which are readily 
found for perfect gases can only be expressed symbol- 
ically for a Van der Waals body. 

If, however, we setv = f {p, T) as a symboHc solution 

of the equation, and ^ =f',{p,T)^, also ^= f {p, T) r 
we may still derive some very interesting relations. 
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In what follows we shall use the method, already- 
suggested, of determining the potential and entropy 
first, and then deriving the heat capacities, by means 
of the relations estabhshed between the potentials and 
those capacities. 

Entropy. — Solving Van der Waals' equation for p 
and differentiating with respect to T, keeping v constant, 

m ^ P RT T-,1 . / \ i/\ 

gives !---=■= ^77. But by equations (4) and (42) 

dq = c dT + T^dv. . . . (i) 

, . . r ^P ■ 
substituting for 7^ gives 
01 

dq = cdT + RT — ^. . ,. . (ii) 

dq cdT , Rdv ..... 

but ds = -^ = -^f^ H r - . • [ttt) 

T T v — b 

Integrating, we obtain the entropy measured from any 

arbitrary value Sg, or 

s = So+c log jr+Rlog[^^^) . (113) 

Intrinsic Energy. — By definition d U = dQ - p dV, 
hence, making use of equation (ii) in the last paragraph, 
we have, for unit mass 

_ RTdv 
du = c di -\ 7 p dv 

v — b ^ 

,_ (RT , a RT\ ^ 

^v—b V v — b' 

= c dT + -^dv . . . . (i) 

V 
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hence u = u„+c {T - T„) — {^-j 

u = M„+ c{T - T„) + aC^—-^) . (114) 

where «„, v„ and r„ are the values at any arbitrarily 
chosen state. 

From equation (114) it is evident that when a Van 
der Waals body is heated its intrinsic energy increases 
from two sources, one being the rise of temperature 
and the other the change in volume. This latter effect 
is necessary from the properties we have supposed such 
bodies to possess, but it does not exist in the case of 
perfect gases, where temperature alone alters the in- 
trinsic energy. 

Potential, F.— Again, by definition dF = dU-d{T S), 
or for unit mass df = du —T d s — SgdT. Using 
the values for d s and d u above, we have 

a TRdv 
df = ^dv 7 — s„dl . . . m 

•' v^ v — b 

integrating, 

f=f,+ {c-So){T-T,)- 

r.,ogX-«r,„,(^)+.(i^) (..5, 

gi f 

Thermal Capacities. — By equation (64) / = — r 

/•N , J • f<if\ a TR 

but from h) above we derive I ^- ) = -r r 

^dv^ T v^ v — b 

TR a , , 

.' .1 = 7 = p+— . . . (116) 

v—b IT 
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Similarly A = '^■i^J-^/{-J^) ^ by equation (65), 



. h = 



2a{v-by-RTv' 



v'iv-by 
RT ( v'{v-by 



v — 0^2 a iv 



{v-bf-RTvy 

RTv'{v-b) • 

^~ 2a{v-bY-RT^ ■ ■ • ^ '^ 

Difference of the Specific Heats. — By equation 

(62') C-c = T{j§Qy{f^)^ substituting the 

values of the various partial differentials from Van der 
Waals' equation, we obtain 



C -c= - 



TR' ( v'{v-by \ 
iv-by\2aiv-by-RTv') 



■ ^ -TRH' , -. 

2a\y~-by—RTir 

If the entropy, temperature, and volume are given, c 
can be calculated from (113), and C is then equal to: 

TRW 

^ ~ 2a(v-by-RTv' 

and can always be found. Another expression for C 

/dQ \ „ 'r(^^\ 

follows from its definition C = (~pp ), or C = ^VTf) 

Substituting the value of jj, , obtained from equation 
(113), we find 

C = cdT + -^^, oxC = cdT+-fj^-z^ 

8 
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C is thus shown to depend upon both T and p, as could 

be readily predicted. The specific heat at constant 

volume, however, is different, for by the perfectly 

. / N 5c ^ 5'p , S p R ^ 
general equation (50) y^ = T yyj; but ^ = ^^ for a 

S^p 
Van der Waals body at constant volume, . ' . —=5 = o, 

01 

Sc 
from which it follows that -— = o, which means that the 

specific heat at constant volume depends only on the 
temperature. 
Work Done During an Isothermal Expansion. — In 

general, when the pressure is normal and uniform, 
dw = p dv; substituting for p from equation (108), 

a , RTdv ^ 
we have : dw = ^ dv -\- -r- . Integrating be- 
tween Vi and V2 gives 



w 
or 

w 



-+©"+«!■ log {.- s);; 

Work Done During an Adiabatic Expansion. — Here 

w = - f^'^d u = J c (Ti-T^) - a('"-^^^) (120) 

aOvn — v,) 
as was found in equation (114). The term ap- 

pears in both kinds of expansion (see 119 above), and 
evidently represents the amount of energy that dis- 
appears in the work of separating the molecules against 
their mutual attraction. This item would, of course, 
be the same in the case of a Van der Waals body ex- 
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panding between the same volume limits, whether that 
expansion were isothermal or adiabatic. 

Work Done During a Camot Cycle. — Since this cycle 
is made up of two isothermal events, and two adiabatic 
events, by applying equations (119) and (120) around 
a cycle defined by Ti and T^, and volumes Vi, V2, %, ^4, we 
have: 

/V2— b\ /V2—Vi\ 

Isothermal expansion w^_^=RTi log ( _ , ) — a I —— j 

Adiabatic expansion w^ 3 = c (Ti — J'2) — a ( ~ — ' ) 

Isothermal compression Wj^^ = R T'2log ( ~^ ) ~ ^ ( ~ — ^ ) 

J -) 

Summing these up, we obtain: 

s^ = i?r.iog(^;^^)+i?r.iog(|=-^) (121) 

which is the actual work accompUshed. 

CLAUSIUS' EQUATION 

Unfortunately careful measurements, in an attempt 
to estabhsh the vahdity of Van der Waals' equation, fail 
to justify it as completely as was hoped, and this is the 
case, no matter what values are taken for the constants. 
It appears that where this equation fails most signally 
is in assuming that the intermolecular attractions vary 
with the volume only, and are independent of the 
temperature. We have no reason for making such an 
assumption, although just how the temperature can 
affect such forces is far from obvious. 



ii6 
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These considerations led Clausius to formulate an 
equation in which the discrepancy just mentioned was 
allowed for, and which results in a much closer approxi- 
mation to the actual behavior of gases, than does the 
equation of Van der Waals. Clausius statement is: 

This approximates to p (v — e) = RT, when p is very 
large at ordinary temperatures, or when T is very high. 
On the other hand if the pressure is very small, the 
specific volume becomes enormous, and the equation 
practically reduces to pv = RT. Ordinarily, however, 

D 
the term _ ^ plays an important role, and denotes 

not only that the internal attraction between the mole- 
cules depends on a function of the specific volume, but 
also that it varies inversely as the temperature. This 

equation, like that of 
Van der Waals, is a 
cubic in v, and an an- 
alytic investigation of 
its properties shows that 
between certain values 
of p, there are three real 
roots, but outside those 
limits, two roots become 
imaginary. The plot of 
the equation on the p v 
diagram is similar to 




Fig. 23. 



Van der Waals' in general characteristics, and the 
same reasoning as to the area of the two loops is still 
appHcable, so we may determine the points p and 
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q by laying off a horizontal such that the areas p A m 

and m 5 g are equal. Further A and B are located as 

&p 
before by the condition that T~ = °, and the point of 

inflection m is located by the condition t— „ = o. Both 

these derivatives are readily obtained by solving (122), 
for p, which then becomes, 

A combination of these two conditions determines, as 
before, the critical point, and we find the following 
critical values of v, p and T. 

z),= 3 6 + 25 . . . . (124) 

T,=J-J^— . . . (125) 

' y 2'jRie + B) 

p^^jh^e: . . (126) 

^" y 216 i^+By 

The law of corresponding states does not apply exactly 
to a body defined by Clausius' equation, because there 
are four constants instead of three, and by a transforma- 
tion to three new variables, it is only possible to eliminate 
three of the constants, so the resulting equation will 
still depend, to a certain extent, upon the nature of the 
particular gas considered. 

Determination of 1. — Using the equation of Clapey- 

ron, ; = r T-^ as applied to a Clausius body, we find 

r R D 

l^Ti + ■ 



\ v-€ ^ T\v+B) 

, TR D 

otI = h 



v-e ' Tiv+By 
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. . , . TR D 

but since by (12^) = P -r -tf} — r^sr, we may write 

v—t T{v + By 

i-P + T~-^,. . . . (127) 

Determination of the Intrinsic Energy. — By equation 
(4), dq = cdT + I dv, hence for "hydrostatic" pres- 
sure, we may write, 

du = cdT + (l-p)dv 
2D 
or du = c dT + j-r^j^^Y '" 

which gives on integration 

Here the third term is evidently due to the change in 
intrinsic energy caused by the change of volume (or A m 7-) 
thus corresponding to the third term of equation (114); 
but, unlike (114), the temperature also appears in this 
term. The second term is clearly A u^ or the change 
of intrinsic energy at constant volume. Therefore, the 
whole equation might be written Ui—U2= Au= Am„ + Am j- 

The two preceding cases show how we can derive 
various functions of a Clausius body. They are not 
quite so readily obtained as in the previous case, and, 
indeed, most of them can only be expressed symbolically. 

General Equation for Real Gases. — ^As has already 
been pointed out, the various equations for real gases 
take the form of, 

ip+T){v-4>)=R T, where x =f{v, T) and =f{v) {i) 
Since ir is independent of the pressure, the equation 
may be solved for p, giving 

RT .... 

P = jz'^-- .... W 
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and it is then possible to obtain an expression for the 
differential of intrinsic energy.. 

Combining equation (4) with (42) we have 

hence du = cdT + t[jj.j dv-pdv. Substituting for 

dp 
p and -Tj, their values obtained from (m) above, we have 

du = cdT + TT dv — T \-pp) d v 

The last term is extremely small, for the influence of 
the temperature on intermolecular attractions is of far 
less importance than the influence of the volume. Hence 

du = c d T -\- T dv, nearly. 

With the aid of this equation we obtain an interesting 
inequahty. Substituting this value for d u, in d q = 
du + p dv, gives 

dq = pdv + cdT + irdv . . (in) 

but, in general, by (4) dq = ldv + cdT. Subtract- 
ing (in) from (4) gives pdv = {l — T)dv ox p < I. 
We have seen that ^ = / in the case of perfect gases, and 
it is interesting to note that when the intrinsic energy 
does not all depend on the temperature, the heat capac- 
ity / is greater than the pressure. 

Cooling of Real Gases by Expansion. — ^A very im- 
portant property of gases, which depends upon their 
intermolecular forces, and is not attributable to such 
imaginary bodies as perfect gases, is the cooling, which 
all but hydrogen experience, when they expand without 
doing external work. 
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As has already been proved, there is always a cooling 
produced when a body expands adiabatically in the 
performance of external work, but when no external 
work is done, it does not necessarily follow that such a 
cooling must take place. For instance, if we consider 
a perfect gas, then d U = d Q ~ d W , or, iox unit mass, 
cdT = dq — dw; if the expansion is adiabatic, 
dq = o, hence c dT = du = — dw, showing that the 
work is done at the expense of intrinsic energy and so 
results in a lowering of the temperature of the gas. But 
if the expansion is such that no external work is done, 
then dw = o and c dT = o, which shows that T 
remains constant. This, of course, follows directly 
from the fundamental notion of perfect gases; i.e., 
that their intrinsic energy depends only on the tempera- 
ture and, therefore, if there is no change in the former, 
the latter must be constant. 

But in the case of real gases the intrinsic energy de- 
pends, as we have seen, upon the distances between 
the particles that compose the gas, as well as upon the 
temperature, therefore during an expansion there might 
readily be a change in the relative proportions of these 
two energy components, and even in the case of an 
expansion where no external work is done there can 
occur a shift from the temperature kind to the inter- 
molecular kind, thus lowering the temperature without 
altering the total quantity of energy. This is what 
actually occurs in the expansion of real gases when they 
do not perform external work. The cooling, though 
small in most cases at ordinary temperatures and 
pressures, becomes increasingly pronounced as the gas 
approaches its critical temperature, and as it deviates 
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more and more from the condition that is described by 
the equation pv = RT. ' 

Experimental Verification. — The experimental realiza- 
tion of an expansion without the performance of external 
work is, at first sight, rather difficult. The ideal ex- 
periment would be to allow the gas to expand from a 
chamber of high pressure into one exhausted to a perfect 
vacuum ; but this is clearly impossible, even if a perfect 
vacuum could be obtained, because, after the first 




Fig. 24. 




minute portion of gas had passed through, the vacuum 
would be destroyed, and the pressure would, of course, 
increase until it was the same in both chambers. Such 
a device, however, really does fulfil the requirement 
that dw = o. For consider the arrangement indicated 
in Fig. 24. Let a perfect gas under pressure in A be 
allowed to expand into B, which has been previously 
exhausted. During the process of expansion work is 
done in the chamber B upon the gas collecting there, 
with a consequent rise of temperature. But this energy 
is supphed by the gas in A, which in consequence falls 
in temperature, since the process is practically adiabatic, 
as usually conducted. At the end of the expansion, 
certainly no external work has been done by the gas 
considered as a whole; but there has only been a sUght 
shift of energy from one portion of the total quantity 
of gas to another, thus cooling the former and warming 
the latter. This difference of temperature will gradually 
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disappear, as thermal equilibrium is established, and 
if the final temperature of the apparatus were then the 
same as at first, the theory relative to perfect gases would 
be estabhshed; i.e., that the temperature remains 
constant during an adiabatic expansion without the 
performance of work. 

Joule's Experiment. — This experiment was actually 
performed by Joule in 1845. In his apparatus the two 
vessels were immersed in water contained in a double- 
walled tank so that any change in temperature of the 
gas would result in warming or cooling the water. But, 
after equilibrium had been established both in the gas 
and surrounding water, no such change was observed, 
even with a very delicate thermometer. He then 
repeated the experiment, having each vessel in a separate 
water bath, and in this way he was able to detect the 
temporary heating of one portion of the gas, and cor- 
responding cooHng of the other; but, as these appeared 
to be equal, he concluded that no change of temperature 
of the total mass resulted, and that air behaved like an 
ideal gas. In the light of later observations it is easy 
to account for Joule's failure to detect the cooling of 
a gas during unresisted expansion. With a comparative- 
ly small expansion ratio, the actual cooHng would be 
small, and when we consider the minute heat capacity 
of the gas compared to that of the surrounding water, 
iit is not surprising that the temperature of the latter 
was not appreciably lowered, in supplying heat to make 
up the slight deficit in the gas. 

Porous Plug Experiment. — In 1852 Lord Kelvin 
(then Sir William Thomson) and Joule tested this 
principle by another and much more delicate method, 
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and succeeded in detecting a change in temperature 
during unresisted expansion, due to a change in the 
distribution of the intrinsic energies of the gas. The 
experiment is a very celebrated one and is known as 
the Joule-Thomson porous plug experiment. It con- 
sists in forcing a gas slowly through a plug of some 
porous material into a receiver where the pressure is 
constant. Thermometers are placed on either side of 
the plug, and also at some distance from the plug on 
the low-pressure side to indicate the final temperature. 
In spite of the slowness with which a gas passes through 
such an obstacle, there will be eddies set up in it, which 
involve an increased kinetic energy. This means (if 
the process is strictly adiabatic) that there must be a 
fall in temperature, to supply the mechanical energy 
represented by the eddies, at the expense of the thermal 
energy of the gas itself. Such an effect would appear 
in an ideal gas just as much as in a real one, and has 
nothing to do with the phenomenon the experiment was 
designed to detect. At a point sufficiently far removed 
from the plug, however, we may consider that the 
eddies have subsided, and if the thermometer placed at 
a distance from the plug records a temperature different 
from that of the compressed gas, it would seem to be 
due to an effect which does not appear in perfect gases. 

It was assumed in the experiment that the whole 
process was adiabatic; that is, performed in vessels 
whose walls were strictly non-conducting. In such a 
case the total energy of the gas remains constant. It 
was further assumed that the heat lost on account of 
the eddies would be given back to it when the eddies had 
subsided a short distance from the plug, therefore the 
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only uncompensated change of temperature was the one 
sought. It should be remarked, however, that there is 
always a sHght warming of the plug itself due to friction. 
This irreversible flow of energy will cause a corresponding 
cooling of the gas, unless the heat thus produced is re- 
stored to it by the slow process of conduction; but this 
error is extremely small if the flow is sufficiently slow, 
and may be neglected. 

Another experimental method consists in enclosing 
the low-pressure receiver in a calorimeter in such a way 
that the quantity of heat which must be suppHed to 
maintain the temperature constant, after a known mass 
of gas has passed through the plug, can be accurately 
measured. 

Joule and Thomson examined a number of gases, and 
found a distinct cooling in all cases, except that of 
hydrogen. This gas behaves anomalously in its devia- 
tion from Boyle's law, and its heating during unresisted 
expansion has not been fully explained. 

Temperature of Inversion. — The anomalous heating 
of hydrogen at ordinary temperatures, it should be 
remarked, is less and less pronounced as the temperature 
is lowered; at —80° C. it changes sign, and below this 
temperature behaves like other g^ses. On the other 
hand, with rising temperature, the other gases show 
a less and less pronounced cooUng effect, and a reversal 
would probably take place so that they would heat 
during expansion, if the experiment could be performed 
at a sufficiently high temperature. Thus each gas has a 
temperature of inversion, as it is called, and apparently 
hydrogen only differs from the others in that its tem- 
perature of inversion is lower than that at which the 
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experiment is usually performed, while those of the other 
gases are much higher. 

Correction of the Constant Pressure Gas Thermom- 
eter. — The porous plug experiment is of the highest 
importance in its application to the determination of 
the corrections to be applied to the gas thermometer, in 
order that it may be used to read temperatures referred 
to any arbitrary zero, but in absolute degrees; and 
also in the determination of the temperature of melting 
ice in absolute degrees above the absolute zero. 

It has already been shown that a perfect gas, expand- 
ing without doing external work, will remain at constant 
temperature and therefore pi Vi = p2 v^. But when a 
real gas expands in this way, we can no longer write 
piVx = p%V2; for although no external work has been 
done, there has been internal work in separating the 
molecules against their mutual attractions. This re- 
sults in lowering the temperature; or a certain amount 
of kinetic energy has been given up by the gas, to 
become potential energy in the increased separation 
of the molecules. This loss of kinetic energy can be 
measured, according to the kinetic theory of gases, by 
the difference between the energy per unit mass before 
expansion, and after; that is piVi — P2V2, which in 
general does not equal zero, and is usually positive. 
This is because pv is the work that would be required 
to force the unit mass into the receiver against the 
pressure p. Hence the work done during expansion, 
which is transformed into potential energy of the mole- 
cules, is / dw = pi Vi — P2V2, or dw = d (p v) 

The first law of thermodynamics, dq = du -\- dw, now 
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takes the particular form for this case of unresisted 
expansion 

d q = du + d (pv), . . (129) 

where d q is an exact differential, being the sum of two 
exact differentials, and is identical with the thermody- 
namic potential df sp- But, whatever the process, we 
can always write du = dq — p dv for the change of 
intrinsic energy, since it depends only on the initial 
and final states; combining this with equation (3), we 
obtain du = CdT + hdp— pdv. Substituting for 
du in (129) there results, 

dq = dfsp =CdT + hdp — pdv + d(pv)oT 
dfsp = C dT + {h + v)dp . (130) 

which must be equal to zero if the gas neither receives 
nor loses heat. Or, what is the same thing, f sp is con- 
stant in the porous plug experiment. By equation (45) 

f dv\ 
h = — T\-rf) , therefore (130) becomes C dT — T 

\~i-f) dp + vdp = o. Dividing by d p, and writing 

-TjT = dlog T, we have 

idlogT), = -^^ . . . (131) 

^^^^J-p 

which is the correction equation for the constant pressure 
gas thermometer. 

The determination of the quantity Ctt may be 

made in two ways, either by observing the fall of tem- 
perature during a strictly adiabatic expansion, or by 
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measuring the quantity of heat that must be supplied 
from a surrounding calorimeter to keep T constant. 
These methods are practically identical in result, for a 
small variation of the pressure; but the latter is to be 
recommended, as it is not subject to the errors that may 
arise in measuring the change of temperature directly, 
on account of the irreversible cooling, due to eddies, 
that has already been mentioned. 

Assuming that the latter method is adopted, we can 
calculate, from the quantity of heat supplied, the change 
of temperature that would result if the heat had not 

been added, and so obtain a series of values for -7— for 

dp 

a small variation of p, and at various specific volumes; 

and then determine the variation of -r— as a function 

dp 

of V. This quantity is nearly constant within certain 

. dT 

limits of the volume; and, in any case, Ctt" which is 

a measure of the "cooling effect" is small compared to 
V, so that an average value may be used (as was done 
by Kelvin) with suf&cient precision. 

The derivative 1— should be expressed in terms of 

degrees on the scale of the gas thermometer that is 
under examination, and C must also be measured in 
terms of the same scale, and a value chosen that corre- 
sponds to the range of v and T that is actually used. 

dT 
Then taking the experimentally found value of C-j— , 

or the "cooling effect," which is regarded as constant 
over the range to be considered, we can integrate the 
equation between the chosen limits of temperature and 
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volume, thus obtaining an expression for the ratio of 
temperatures on the absolute scale, corresponding to 
a given volume ratio as measured by the gas thermom- 
eter. 

7 rp 

Setting C jT = X, and integrating between Ti and 
T2, the equation (131) becomes 

If there is no coohng effect {i.e., if the gas is perfect) 
then X= 0, and the above equation reduces to the 

famiUar 7:^ = — • 

Equation (132) may be transformed to 



r T ^ ^.+A-i 



In this form it is appHcable to the determination of 
the absolute temperature of the freezing of water; for, 
let Tx be that temperature, and let T2 be the temper- 
ature of boiling water, while Vi and V2 are the corre- 
sponding volumes as measured in the thermometer; since 
T2 — Ti = 100 on the absolute scale, it is evident that 
Ti is determined. 

Correction of Constant Volume Gas Thermometer. — 
If the porous plug experiment is used as a basis for 
standardizing this thermometer, we start as in the 
previous case with the condition that/5p is constant, or 
df sp = d u + d (p v) = o, but by equation (4) dq = 
cd i + I dv, and since du = dq — pdv, we obtain, 
dfsp =cdT + ldv — pdv + d(pv)=o. Expand- 
ing d{pv), this becomes cdT + ldv + vdp = o. 
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Substituting / = r(^T^j and dividing hy dv gives 



c 



dT (dp\ dp dT ( dp \ ^ 

dp 
V J — = o, hence 

"^^ dp 

idlogT\= ^j, " dT ■ ■ (^33) 

dv dv 

This equation is very similar to (131), with p in place of 

dp 
V, but there is one important difference, where — v-j— 

appears instead of +p, as we should expect. This 
term, indeed, is equal to + p, for a perfect gas at con- 
stant T; but its actual determination for a real gas is 
difi&cult, and makes the correction of the constant vol- 
ume thermometer in this way inadvisable. 

A better way to obtain the correction of the constant 
volume thermometer would be to use the original ex- 
periment of Joule, in which the gas is allowed to rush 
into a vacuum. In this case, if the process is adiabatic, 
d w and d q are both zero, therefore du = o, also, and 
the fundamental condition is du = dq — p dv = o, 
instead of dfsp = o, as in the porous plug experiment. 
Substituting for dq from equation (4), we have du = 

c dT + (I - p)dv = o. But i = T^{^) , hence c d T 

(dp\ „ dT 

+ T \-ppJ dv — pdv = o. Setting, as before, -^ = 

d log T, dividing by d v, and transposing, this reduces to 

(rfiogr),= -^ . . . (134) 
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In this equation c -j— is to be found by direct observation 

of the cooling resulting from the expansion. Both c 
and T must be known in terms of the gas thermometer 
scale; and, since the value of c depends upon T, it 
should be accurately determined within the region of 
the temperatures to be measured. As in the case of the 
porous plug experiment, the cooHng could be determined 
indirectly by measuring the quantity of heat required 
to maintain the gas at constant temperature, which 
would offer fewer experimental difficulties than the 
direct observation. 

Although Joule's method is open to serious objections, 
as has been pointed out, in this case it is preferable to 
the porous plug, because we have only to observe the 
cooling effect, and are not obhged also to determine 
d p/d V for the gas, which would be necessary if the 
latter method were used to standardize the constant 
volume thermometer. 

Cooling of a Clausius Body. — The lowering of the 
temperature of a gas in the porous plug experiment 
may be predicted by assuming the gas to follow some 
characteristic equation, such as that of Clausius. Start- 
ing with our fundamental condition, df sp = du-t 
d (pv) = o, we may integrate between limits giving 
ui — U2 + piVi — P2V2 = o; substituting for Ui — M2, 
from equation (128), this becomes, 

If V is large, we may neglect B in comparison, and may 
eliminate vi and V2 hy pv = RT, which was shown to 
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be justifiable (p. ii6), when the density is small. The 
second term, or A Mj, then reduces to 

aut= Yf~' — ■ • ■ ■ ^ ^ 

therefore {i) becomes 

c{T,-Td = - —^^ + {p. V, - p, V,) (m) 

which gives the cooHng desired. But equation {Hi) 
may be expressed in a form more convenient for com- 
parison with the experimental cooling, if we eliminate 
the volume altogether. This is done with the aid of 
Clausius' equation, yielding approximately,* 

c (Ti- T,) = (|-y-i - e) {p^- p,) . (135) 

in which Ti— T^ gives the fall of temperature desired, in 
terms of known constants and the initial temperature Ti. 

* See Bouasse, " Cours de Physique," tome 2, p. 39. 



CHAPTER VII 

CHANGE OF STATE 

In applying the principles of pure thermodynamics 
we have hitherto considered only bodies whose condition 
was a continuous function of the temperature, pressure, 
and volume; and, though there were certain critical 
points in the curve representing the function, we dealt 
with them as if they underwent no radical changes 
with changing conditions. This is strictly true for 
gases above the critical temperature, and below that tem- 
perature, if we adopt an equation like Van der Waals', 
there is no point of discontinuity that would lead us 
to predict any abrupt transformation resulting from a 
continued change in one of the independent variables. 

In this chapter, however, we shall study particularly 
the conditions involved when a body, without chemical 
alteration, undergoes a transformation in structure as 
from vapor to liquid, or liquid to soKd, or the reverse; 
and we shall also see that, as we become more specific in 
prescribing the state of a body, fewer quantities, like 
those we have discussed, are needed to determine its 
precise condition. That is, the number of independent 
variables that describe it is diminished. 

Definitions. — But before proceeding to discuss any 
particular case, we must explain certain terms that 
will be used, and derive an important generalization, 
known as the phase rule, which is applicable to any 
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single body or mixture of bodies having any number 
of independent variables, and existing in any number of 
states. 

A Complex is a mixture of substances in chemical 
equilibrium, in which the quantity of any one may be 
varied continuously without altering the chemical 
constitution of the whole. 

A Component is one of the independent bodies that 
go to form a complex; the components comprise the 
smallest number of independently variable constituents 
needed by this complex. Thus if we have a mixture 
of PCI5 + CI2 + PCI3, there are only two components, 
for any two of the substances named can be regarded 
as those two, but the third is not independent as is 
readily seen from the chemical equilibrium PCI3 + 
CI2 ^ PCI5. Moreover, a component must be capable 
of continuous variation; hence water cannot be regarded 
as a complex containing the components H and O, 
except near the temperature of dissociation when a 
complex arises, that is described by H2 + <=^ H2O. 

A Phase is a condition of equilibrium of a given 
homogeneous component that resists fractioning. Thus 
water is a phase, ice and steam are phases of the single 
component, water. A solution such as salt and water 
represents a phase also, but in this case a phase having 
two components instead of one. 

Degree of Freedom or Variability of a system or com- 
plex is the number of independent variables that are 
needed to define it. 

Chemical Potential. — This quantity, which will be 
designated by m, is a measure of affinity for hydrogen. 
If the two bodies, A and B, are separated by a membrane 
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permeable to hydrogen only, as platinum, for instance, 
then if H moves from B toward A, the latter is said to 
have the higher potential. This quantity, n, includes 
the notion of physical potential as well, so that if some 
physical cause, such as temperature, should make the 
hydrogen move toward B instead, B would then be at a 
higher potential. 

The Phase Rule of Gibbs. — Let us imagine a mixture 
of n components existing in different phases. If we 
consider the total intrinsic energy of a single one of 
these phases, we shall have the sum of the ordinary 
intrinsic energy T d S — p dV, of that phase, plus 
all the chemical energies represented by the potentials 
m . . . Mn! of the n components. Suppose the masses 
of these components present be mi, W2 . . w„, then 

d U = T dS — p dV+fiidmi-\- fi2dm2+ . . Ai„JOT„(i) 

Integrating between o and any finite value we obtain 

U = T S - pV + fiimi + fi2 W2+ M„ m,„ {ii) 

From this equation we might determine any of the 
chemical potentials by the obvious relation 

(dU\ 

^a Wj/ svm2 . . ■ ■ mn 

Taking the complete differential of (ii), we have 
dU = TdS + SdT-pdV-Vdp+^ildml + mld^^l+ 
. . . from which (i) may be subtracted, giving a funda- 
mental equation which completely defines the state of a 
single phase made up of n constituents; or 
S dT ~ V dp + mid ixi + Mid 1^2 . . . m^d 1^^= o (136) 
Now it is evident that if there are <^ phases present in 
the complex, there will be such equations. In each 
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equation there are w + 2 variables, namely p, T and 
Ml, • . Mn, therefore the number of degrees of freedom 
of such a system is the number of variables less the 
number of equations, or phases, hence, 

(W + 2) - = V, . . . (137) 

or the "variance" of the system. This equation is 
Gibbs' celebrated phase rule and is of great value in 
the study of mixtures of substances and phases in 
equilibrium with each other. Evidently each new phase 
diminishes the "variance" by one, and each new com- 
ponent raises it by one. Now it will be remembered 
that 2 is the number of independent physical quantities 
that enter into the determination of the state of a 
system, according to our fundamental postulate. In 
case more enter in, as for instance the electrical potential 
of the body, we should have to write w + 3, in place of 
w + 2 in equation (137), hence a more general expression 
would be (» + w') — </> = V, where n is the number of 
chemically independent variables, and n' is the number 
of physically independent variables. 

Various Classifications. — A complex may be classified 
according to its order, as determined by the value of 
n, or according to its degree, as determined by 0. Sup- 
pose we consider a complex of one component. There 
are three possible cases 

(i -|- 2) — 3 = o, an invariant system, 
(i -|- 2) — 2 = I, a univariant system, 
(i-f-2) — i=2,a bivariant system. 

It is evident that there cannot be more than three 
phases, because this would mean a negative variance, 
which is absurd. 
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Water at the triple point is a good illustration of the 
first case, for then there is one component existing 
simultaneously in the three phases: ice, water, and 
steam. Water and saturated steam in equihbrium 
illustrate the second case, and dry superheated steam, 
or a gas, represents the third case. 

Now let « = 2. Four cases are now possible: 

(2 + 2) - 4 = o 

(2 + 2) - 3 = I 

(2 + 2) — 2 = 2 

(2 + 2) - I = 3 

The first case is exhibited by two kinds of crystals of 
the same chemical constitution in equilibrium with the 
hquid and vapor of the same substance. The second 
case is shown by an ordinary solution in which part of 
the dissolved body exists in crystalline form, and part 
of the Hquid is vaporized. The third case is shown by 
a solid and Hquid of different chemical nature in equih- 
brium, or a solid and a vapor, or a liquid and a vapor. 
The fourth is the case of a mixture of two solids (as an 
aUoy), a mixture of two liquids, or of two vapors or 
gases. This last case cannot be described by a system 
of curves on a plane surface, a.s on a, p T diagram, for 
instance, but a third axis must be introduced to repre- 
sent the third degree of freedom. This third axis is 
usuaUy taken as the concentration, and the various 
states of the complex are then represented by a soHd 
in p, T and C, where C is the concentration. This soHd 
is bounded by surfaces which are bivariant regions, and 
the surfaces intersect in uni variant Hnes, and, if these 
edges meet, their intersection is an invariant point. 
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Complexes of One Component.— We shall, for the 
present, limit ourselves to complexes having but one 
component, and there will be no need of the third 
axis, in graphic representations of their behavior; but 
plane curves having various co5rdinates will be used. 
The temperature-pressure diagram of water in the neigh- 
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borhood of the triple point is familiar, and serves as an 
excellent application of the phase rule. In general any 
point P (Fig. 25) on this plane represents the state of a 
bivariant system; however, if we move along a line 
of equal pressure as indicated, we shall at some tem- 
perature, Ti, intersect one of the hnes that mark uni- 
variant regions, such as the saturated steam line between 
the hquid and vapor regions. In the case assumed, a 
new phase is gained at the point m, or water, and one 
degree of freedom is lost. Now, moving along the steam 
line we ultimately arrive at q where three lines meet. 
At this point (and there is only one such for water) a 
second phase (ice) is gained and the one remaining 
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degree of freedom is lost. This, the triple point, then 
represents the state of an invariant system. 

Univariant Systems. — These systems are of such 
continual occurrence in nature, and appHed science, 
that we shall now discuss them at considerable length. 
Referring to Fig. 26 which, as has already been explained, 




Fig. 26. 



represents a system of isothermals of a Van der Waals 
body on the p v diagram, we note that the locus of the 
points a and 6 is a curve having a single maximum, 
at the critical point, C. This curve, a C b, encloses 
an area which is a univariant region, as far as the 
variables p, v and T are concerned. The points a, a' , 
a" . . . are the locus of a dry saturated vapor; the 
points h, b', b" are the locus of a Hquid at the 

temperature of vaporization; while the space between 
is a mixture of both phases at the boiling point. Outside 
the curve, aC b, is a bivariant region, but points on 
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the curve itself are univariant, and denote the limiting 
case where one of the phases is just making its appear- 
ance. This bounding region has peculiar properties 
which will be discussed later. 

Latent Heat. — The change in molecular arrangement 
involved in passing from 6 to a (or a similar process 
when we pass from the solid to the liquid con- 
dition) requires either an addition or subtraction of 
heat according to whether the change is toward greater 
or less molecular freedom. This transformation is 
reversible, and is accompanied by changes in internal 
structure which do not alter the body's temperature. 
It is therefore permissible to apply the second law of 

thermodynamics in the form -;^J dq =J ds, since T 

is constant. But I dq is the quantity of heat used in 

producing an isothermal transformation, and is, there- 
fore, the familiar latent heat L. Integrating then, we find 

L = T{sa-s,) . . . . (138) 

The latent heat is positive if Sa > s,,, which indicates 
an absorption of heat when we move from a point of 
lower to one of higher entropy. In most isothermal 
transformations, at constant pressure, this means an 
increase in volume, or motion toward the right on the 
P V diagram, but in the case of melting ice, the change 
is toward the left. 

Another expression for the latent heat was obtained 
in equation (43), which is a form of the equation of 
Clapeyron. But it was shown by Gibbs that this 
equation may be obtained directly from the system of 
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equations (136), from which he derived his phase rule. 
In the univariant systems we are considering, two 
phases exist simultaneously in equilibrium, and (136) 
is thus applicable to both; moreover, when there is 
but one component n = 1, and we obtain 

SadT — Va,d p + mad t^ = for one phase, 
and 

S^dT — Vi,d p + Mid n = for the other. 

Eliminating d /i, 

(Wi Sa -maSi)dT = K F„ - Ma Vi) d p 

But the total entropy, 8 = 1113, and similarly, V = mv; 

making these substitutions in both phases we obtain 

dp 
Sa—^b=(^a—\) j^;, which combined with (138) gives 

L = T {Va- Vu) ^j. 

Thus the heat involved in molecular rearrangement is 

shown, as before, to be dependent upon the change in 

volume, which occurs during the change of state. At 

the critical temperature there is no such change, Dq = v^, 

d p ' 

and, since -jj^ cannot vanish, it is clear that Z = o at 

that point. For temperatures higher than the critical 
there is no change of state and no "latent heat." 

Equilibrium of Phase.— If we represent the trans- 
formation on the p T, instead of the p v diagram, change 
of state consists in crossing a boundary curve from the 
region "a" into the region "b," or vice versa, and points 
on the curve indicate the univariant region where both 
phases can exist simultaneously. To be specific, suppose 
this region "b" is the solid phase, and "a" the liquid 
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phase of the same substance. This does not mean that 
the solid phase cannot exist at all in the region "a," or 
liquid in the region "b," but if it does exist there, it is un- 
stable and tends to change over to the other phase. An 
apparent exception is presented in such cases as that 
of water below 0° in the Hquid state. If no ice crystals 
are introduced, and if it is kept perfectly quiet, it may 




Fig. 27. 



exist in a kind of stability indefinitely. This state is 
known as a metastable condition, or one of unstable 
equilibrium. 

Potential and Equilibrium. — These ideas of equili- 
brium may be better expressed in terms of the thermo- 
dynamic potential F-^p or F' , since we are now taking 
p and T as the independent variables. At the point P 
(Fig. 27), both phases can exist together in equilibrium, 
hence F\ = F\. If x represents the fraction of the unit 
mass that is in the "a" condition, then i — x represents 
the fraction that is in the "b" condition. Let v^ and v^ 
be the specific volumes of each phase and V the total 
volume of the mixture at the point P. Then the total 
potential of the mixture is 
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F'= F\{i-x) + F\x, or dF' ^ (F'^- F\)dx 

Now any spontaneous transformation must involve a 
decrease in the value of F' or d F' < o is the condition 
of a spontaneous change. Therefore ii dx is positive, 
F'a < F\, which means that a spontaneous increase 
in the ratio of phase a to phase h can only occur in the 
region where F\ > F'^. This, then, must be the 
region in which "a" alone is in stable equihbrium. On 
the other hand, ii d x is negative, F'^, > F\, which is 
the condition of stability within the " b " region, where 
any spontaneous change means a decrease in the "a" 
phase. On the boundary line where both phases are in 
equilibrium, F'^ = F',,, and d F' = o, or there is no 
spontaneous change in either direction. 

Suppose, now, that a transformation is effected at 
constant pressure from the point m to n, involving a 
change of state at F, in which m and n are supposed 
infinitely close to P. Then Pm = Pn = dT, hence 
the potential at m is 



and at n is 



^'" + (^1^^ 



dT 
But atm, d x is negative, and 



and since m and n are supposed infinitely close, F'^ = F\ 
so the inequality becomes 



i'jf)/^>m)/- 
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But by equation (59) these partial derivatives are each 
equal to minus the entropy in their respective regions, 
therefore (5(, — SJ d T > o, or L > o ii dT is positive. 
Hence a transformation from b to a, which involves a 
tendency to raise T, means, as is obvious, a positive 
latent heat, and conversely a transformation that tends 
to lower T, means a negative latent heat. 

Change in Volume. — The change of specific volume in 
passing from one state to another can be studied in the 
same manner. Suppose the transformation takes place 
along the isothermal p q, then at p we have a potential 
equal to 

and at g a potential equal to 

but if p and q are infinitely close together, we have as 
before, in the "a" region, 



\ dp 
but by equation (59), 

'dF' 



)/P>iTf/P) 



\di>J- 



dp J T 

hence {v,, — v^) d p > o. Therefore if d ^ is positive, 
Vb > '"a, which means that if we start in the "b" region, 
and an isothermal transformation to the "a" region 
-involves a tendency to increase the pressure, then the 
specific volume decreases. In the case illustrated by 
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Fig. 27, dp is obviously negative, hence the volume 
increases in passing from p to q. 

But the pressure-volume relations are better repre- 
sented by the p v diagram. In Fig. 28 it is clear that 

a change from the "b" 
to the "a" state involves 
an increase of volume, 
coupled with a tendency 
for p to diminish ; but if 
b and a were to change 
places in the diagram, 
d p would be positive, 
and the volume would 
^' diminish. If a is sup- 
posed to possess the 
higher potential, as has been assumed, then the case 
where dp is negative is much the more common, as it 
applies to all cases of vaporization, and most cases of 
fusion. Water is, of course, an important exception, for 
in passing from ice to water, d pis positive, and v^ < v^. 
Change of S and U. — We have so far examined the 
change of heat, or L, that accompanies a change of state, 
and the change in specific volume. There still remain 
to be considered the change in entropy and the change 
in intrinsic energy. We have already seen that 
L = T {Sa — Sf,), hence {Sa — s^) = L/T, so that the 
entropy increases in going from b to a, if L is positive 
for the same transformation. Hence, in general, fusion 
and vaporization involve an increase of entropy which 
is readily computed, since T remains constant during 
the process. Finally, to obtain the change in U, we 
take du = T d s — p dv and integrate between the 
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limits a and b. At constant pressure «„ — % = T{Sa—Sh) 
- pj^dv, or 

u^ - Ub = L - p{va- Vt). . . (139) 

This equation furnishes an interesting means for 
the discussion of Z, for Z = {«„ — m^} + {p [v^— v^]}. 
The latent heat is thus shown to consist of two parts, 
which signify that as we pass from one phase to another 
at constant temperature and pressure, the heat required 
to effect the transformation is partly converted into a 
change in the intrinsic energy of the system due to the 
rearrangement of the molecules, and partly into purely 
mechanical work against the uniform pressure to which 
the body is subjected. If this pressure is zero, the 
second item disappears, and there remains only the 
heat of the change of potential, which in this case is 
due only to the molecular rearrangement. 

When L is positive the change in intrinsic energy is 
always positive. This is not self-evident, because from 
equation (139) it would seem as if Va might be so much 
larger than Vf, as to make u^ — Uj, < o. That this is 
never the case can be proved as follows: As was shown 
on p. 118, a combination of equations (4) and (27) 
gives du = cdT-\-(l — p)dv. Therefore at constant 
temperature, du = ldv — pdv or integrating 

[m„- %= (l - p) (d„- Vi)]T . . (140) 

But we have proved (p. 119) that in general I > p 
except in the case of perfect gases where I = p. More- 
over, if L is positive, / is also, as is evident from equations 
(42) and (43). Therefore, if L is positive, I — p ^ o, 
and Ma— Mj^ o, because Va>Vi,hy hypothesis. In point 
10 
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of fact, p {Va — v^ is usually very much smaller than L. 
At the temperature of melting water it is about 1/19 
of L for vaporization, and in the case of boiling water 
at atmospheric pressure, about 1/13 of L. 

Since by equation (43) L = I {v^- Vi,), and since that 
portion of L which is concerned in overcoming the ex- 
ternal pressure L' = p (pa - v^), we obtain 
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At the critical temperature there is no abrupt change 
in the volume at constant temperature and pressure, as 
there is at lower temperatures, and v^ = v^ as we pass 
through the critical point. It follows that m„ — % = o 
at that temperature, or there is no abrupt change in the 
intrinsic energy. This would be expected, as there is 
no change of state at the critical point, and at constant 
temperature U can only be increased by a change in the 
molecular arrangement. 

Since v^ = Vi, and m„ = %, it is clear from equation 
(139) that Z, = o at the critical point. This has been 
verified experimentally for CO2, and it is observed that 
in all cases L diminishes as the temperature increases, 
and doubtless vanishes at the critical temperature of 
each substance. 

VAPORIZATION 

What has been said so far concerning change of state 
has been, in the main, of a general nature appHcable to 
any substance and any isothermal transformation. 
We shall now examine in more detail the particular 
transformation known as vaporization, and with especial 
reference to water. 
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Formulae for Latent Heat of Vaporization. — The 

quantity of heat absorbed in vaporizing a gramme of any 
substance, as has been seen, depends on the temperature, 
and to a much smaller degree on the pressure. Various 
empirical formulae have been offered that give L 
approximately as a function of T and for a considerable 
range of temperature. For instance, Regnault proposed 
a formula that gives the total quantity of heat required 
to raise a gramme of water from o° C. to any tempera- 
ture, and then convert it completely into steam at that 
temperature. This equation is 

H = 606.5 + -305 t . . . (142) 

From this L is readily determined, since the amount of 
heat involved in raising one gramme of water t degrees 
is approximately t, hence L = 606.5 + -305 ^ — ^, or 

L = 606.5 - -695 t . . . (143) 

But such formulae are only good in very rough calcula- 
tions, and are of little value near the critical point, 
especially if they ignore the influence of pressure as does 
that of Regnault. To show its inexactness, let L = o, 
which is the case at the critical point; then solving for 
t, we find t = 872° C, whereas the critical temperature 
of water is about 365° C. A more accurate method for 
calculating L, if the necessary data are available, is by 
the formula of Clapeyron in the form of equation (43) ; 
here the influence of the pressure is taken account of, 
but it is necessary to know d p/d T at the temperature 
considered, as weU as the initial and final volumes. If 
these quantities are known L may be found with high 
precision, at temperatures not too near the critical. 
Liquid- Vapor Mixtures. — ^Let us now examine changes 
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that may occur within the univariant region, where 
both liquid and vapor can exist together in equilibrium. 
Let A B, in Fig. 29, be a typical isothermal on the p v 
diagram. The dotted curve, as usual, is the locus of 
the points of discontinuity a and h. Any point as P, or 
P', inside this region indicates the pressure and volume 
of liquid and saturated vapor in equilibrium. Now let 
X be the mass of vapor per gramme of the mixture, then 



/ .^: v 



Fig. 29. 

\ — X = the mass of liquid per gramme of the mixture. 
Further let c — the specific heat of the Hquid and 
c' = the specific heat of the vapor. (Note: when 
deahng with saturated vapors, we have but one specific 
heat, because saturated vapor is univariant and both 
pressure and volume are fixed by the temperature.) 

The amount of heat required to vaporize an infinitesi- 
mal amount of the water is L d x. Then any trans- 
formation, as from P to P' inside the dotted curve, may 
be carried out in two steps; first by passing along the 
isothermal from P to Q, and then along a line of constant 
volume from Q to P', therefore the total heat needed 
for the transformation is given by the sum oi L d x, 
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which is the heat absorbed at constant temperature, and 
that at constant volume, or [c {i—x)+c'x]dT, hence 

dq = L dx + [cii- x) + c' x]dT. (144) 

Further, let v' be specific volume of the liquid and 
v" be specific volume of the vapor, then (i — x) v' =^ 
the volume of the liquid present in the unit mass of the 
mixture, and xv" = the volume of vapor per gramme 
of the mixture ; hence the specific volume of the mixture 
at P is given by z) = a; d" + (i — x) v', ot v = x (v" — 
v') + v', hence 

^=^^^17 (^45) 

But v' and v" are constants at constant temperature, 

dv 
therefore dx— ,, _ , . Substituting these values for x 

and dx'va. (144), we obtain 

Ldv ( v"—v ,v"—v'\ 
dq= —, — •, +\c—, — -, + c' r)d T (146) 

But „_ / = / (by equation 43), hence 

dq = Idv -\- a dT . . . (147) 

where a is equal to the quantity in parenthesis in (146). 
Comparing (147) with the more general equation (4), 
dq = cdT + ldv,we note that the quantity a, which 
is the specific heat at constant volume for mixtures of 
liquid and vapor, is a variable whose value can change 
between wide limits according to how much of the 
mixture is in the state of vapor. 

Difference of Specific Heats of Liquid and Vapor. — 
The preceding equation (147) enables us to obtain a 
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useful expression for the difference between c and c' 
by means of an application of the second law of thermo- 
dynamics. Thus, dividing (147) by T, we obtain the 
exact differential 

dQ dT dv ... 

-jT = a —jT -T 1-7^ W 

Then applying the usual operation to the second member, 
we have 

1 5a _ 1 51 I 

fJv ^ f5f~r ' ■ ■ 



or 



but 



5a _ _5/ l_ 
Sv ~ ST~ T 



v" — V , 13 — v' 

d '^ C ~ri / -f" C ~~fi / 

V —V V —V 



(ii) 
(in) 



''-'=i-df).-T ■ ■ ■ (^48) 



hence 1— = -77 — „ and (Hi) becomes 

c'-c=(^-|)(/'-i.O . , {ii) 

but / (t»" — v') = L, hence (ra) may be written 

., {^\ _k 

^dTl^ T 

Further, if we combine (148) and (43), there results the 
useful equation 

{c'- c)dT = dL- (v" - v')dp (149) 

General Expression for Change of Entropy. — If we 

divide (144) by T, and eliminate c', using its value as 
obtained in (148), 

dq 

Y 



= ds = dy-YJ + cjr • ■ (150) 
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Since c is nearly constant for ordinary liquids, (150) may 
be integrated, giving 

Sp - Sp,= ~r^ - -^Yf + ^ log T. ■ ^^^^^ 

by which we can easily calculate the change of entropy 
in passing from the point P to P' inside the saturation 
curve. 
Specific Heat of Saturated Vapor. — ^The value of 

c' as found in equation (148), or c' = c -\- j^ — 

^, is most useful in this study of the specific heat of dry 

saturated vapor. The specific heat of a liquid, c, is, 
of course, always positive, though it is not quite constant, 

being a function of the temperature. Tj. is always 

negative because L diminishes as the temperature rises, 

d becomes zero at the critical temperature. But 

L/T is, of course, always positive. Therefore c' can 

be either positive or negative according to whether, 

numerically, c > or < -7^ + -;^ . In the case of water 

vapor under ordinary conditions, c' is negative, while 
for ether vapor under similar conditions it is positive. 
In forming a mental picture of a negative specific heat, 
it is necessary to remember that in discussing the 
specific heat of dry saturated steam, we are restricted 
to a path along the dotted line that bounds the univari- 
ant region, on the vapor side, and to follow along such 
a path is a highly artificial process, in which temperature 
and pressure must be accurately adjusted to maintain 
the peculiar condition of simultaneous dryness and 
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saturation, that marks the hmiting case we are discuss- 
ing. Thus when c' < o, it means that as we ascend 
this hne toward higher temperatures we must simul- 
taneously compress the vapor and withdraw heat, while 
the gain in temperature due to compression outweighs 
the loss due to this removal of heat. 

Graphic Representation of c'. — Since d L/d T is 
always negative, and increases numerically very rapidly 
near the critical point, and moreover, since it has been 
found experimentally that c' increases with the tem- 
perature at points far below the critical, it follows from 
(148) that c' must decrease again at higher temperatures 




Fig. 30. 

and so must pass through a maximum at some tempera- 
ture lower than the critical. The maximum thus 
predicted may involve two reversals of the sign of c', 
or none, as is evident from the curves in Fig. 30. The 
specific heat of saturated water vapor may follow a 
curve like A, and so be always negative; while sul- 
phurous acid vapor gives a curve like B which is thus 
seen to change from negative to positive and back to 
negative again as the temperature rises. 
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Dr3niess of the Mixture. — We have hitherto regarded 
the region within the saturation curve as univariant. 
It is univariant with regard to those quantities that 
determine a system's thermodynamic condition. But 
if we introduce the quantity x, or "dryness," as it is 
often called, as a new variable, we can no longer regard 
the region as univariant, for we need to know two 
variables to completely define it, of which one may be 
X. This quantity varies between o, when there is only 
hquid present, to i for dry saturated vapor, and is 





Fig. 31. 

frequently referred to as a percentage. In order further 
to investigate x, we shall find the temperature-entropy 
diagram particularly useful. The curve mm' m Fig. 
31 is the curve of the Hquid at the boiling point, while 
n n' is the saturated vapor curve. Along these lines, a 
knowledge of either J or 5 is sufficient to determine the 
other, and consequently any other quantity as p, v, etc., 
since these Hnes are strictly univariant. But in the region 
between them we must also know x in order to know all 
the characteristics of the mixture, such as its entropy, 
volume, etc., when T is given; or its temperature, when 
5 is given. The relation between x and the entropy is 
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very simple, and can be expressed by setting d T = o 

in the general entropy equation (150), or <i 5 = (i (-=-). 

If the change is along an isothermal, then L/T is constant 
and we have, integrating, 

^1- .^2= j?(xi— ^2) . . . (152) 

Thus, as we proceed along any isothermal, as a a', we 
gain in dryness in proportion as the entropy increases. 

Consequently the dryness at any point A is -==-. 

aa 

Critical Value of Dryness. — Now suppose we start 
at a certain point A, whose dryness is x, and expand 
adiabatically to B, thus following a line of constant 
entropy. It is evident from the diagram (32) that the 
dryness at B is not necessarily the same as at ^; but 
it is possible to find a certain value of x, on a given 
isothermal a a', such that an adiabatic expansion to 
b b' a,t a given lower temperature will leave the body 
in precisely the same state of dryness as it was before. 
That this must be possible, whatever the slope of the 
two curves, is clear from an inspection of the diagram. 
Let ^ be the critical value of x, then if x < f , there will 
be evaporation as a final result of expanding adiabati- 
cally to the new temperature, because the adiabatic 
will then tend to recede from the hquid curve; but if 
X > i, the final result will be a condensation instead. 
The value of ^ is readily found by a graphic method 
as follows : Draw a a' at the desired upper temperature 
and b b' at the desired lower temperature. Then con- 
struct chords through a b and a' b' till they intersect 
at P. Drop a perpendicular from P which divides 
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a a' and h b' in proportional segments, then A is the 

, aA 
point sought, and -^^f = |. 

aa 

If the isothermal T' be made to approach T until it 
is infinitely close, B wiU finally coincide with ^, at a 
point which has the curious property that an infinitesi- 
mal expansion does not result either in evaporation 




Fig. 32. 



or condensation. There is one such point for every 
temperature, and an adiabatic expansion when x is 
less than this value must first result in evaporation; 
while an adiabatic expansion, when x is greater, re- 
sults first in condensation. This initial evaporation or 
condensation, as the case may be, may change to the 
opposite process as the expansion progresses. 

Changes in Dryness During Adiabatic Expansion. — 
To find the amount of evaporation or condensation 
that results from a given adiabatic expansion or com- 
pression is a problem of great practical importance. In 
order to determine it for steam, we employ the ap- 
proximation that the specific heat of water is constant, 
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and equal to unity, or c = i. Hence the amount of 
heat required to raise the temperature of one gramme of 
water d T degrees is c dT = dT, and the change of 
entropy is d T/T. The change of entropy, due to 
complete evaporation is Li/Ti, where ii is the latent 
heat of vaporization at Ti. But if evaporation is 

incomplete, we must write instead Xi 7fr where Xi is the 

-' 1 

fraction evaporated. Therefore the total gain in en- 
tropy represented by heating water from 0° C. to Ti 
and then evaporating it to the state x, is given by 

y + ^ . . . . W 

or integrated in full 

5i-5„= logjT-' + ^. . . (152') 

A similar expression may be written for the change of 
entropy from 0° to a dryness X2 at a temperature T2, 
but on the same isen tropic as Xi (see Fig. 33), there- 
fore, since Si = S2 by hypothesis we have 

which on integration becomes 

log Ti- log T„+ -Y^ = log T2- log To+ -^ {in) 
combining the terms there results 

hence, if the initial temperature and dryness of the 
mixture are known, we can readily calculate the final 
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dryness after an adiabatic expansion to any desired 
temperature. 

Change in Intrinsic Energy. — It is frequently desirable 
to calculate the difference between the intrinsic energy 
of a mixture of liquid and vapor, and the intrinsic energy 



Xi 




Fig. 33 

of the same substance in the liquid state at some lower 
temperature, as for instance the freezing point of water. 

Taking the defining equation for intrinsic energy 
du=dq — dw, we substitute for d q its value as 
given in equation (144), and for dwwe can write p dv = 
p d[v' {1 — x) + v" x], therefore 
du = L dx + cdT— cxdT + c'xdT — p dv' — pd(v"x—v' x){i) 
where, as usual, c is the specific heat of the liquid and 
c' the specific heat of dry saturated vapor. Combining 
terms 

du = Ldx— p d(v" x—v' x) + (c' — c)xdT + cdT — p dv (ii) 
By equation (149) {c' — c) dT = d L — (v" — v') d p, 
therefore, substituting for (c' — c) dT in {ii), we obtain 

du=Ldx+xdL-pd{v"x-v'x)-x{v"-v')dp + cdT-pdv'(iii) 
or 

du=d[Lx - px{v"-v')] + cdT-pdv' (154) 
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But d u isa,n exact differential, and regarding v' as 
constant, we may integrate the equation, obtaining, 



Ml— Uo 



U xi- pi xr (v"- v') +fcd T (iss) 



The terms multipHed by Xg drop out, for the body was 
assumed to be wholly liquid at the lower temperature. 

In this equation the two positive terms L x +J cdT 

are the total heat supplied to the mixture from 
0° C. to T°\ from this is deducted the external work 
that was done against the pressure p when the liquid 
was vaporized to the dryness xi, and the difference is 
obviously the net gain in intrinsic energy. The ex- 
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pression L + J c d T, or H,is the heat required to raise 

one gramme of the liquid from 0° C. to Ti and com- 
pletely vaporize it, and is commonly called the "total 
heat" of the vapor. 

Liquefaction of Gases. — In liquefying the "perma- 
nent" gases, the principles we have just been discussing 
have a useful application. Air is usually liquefied by a 
method essentially due to Linde. In this machine the 
air is highly compressed and cooled, in order to withdraw 
the heat caused by the compression. It is then allowed 
to expand rapidly down to atmospheric pressure. In so 
doing its temperature falls, partly because of the work 
it does in overcoming the pressure of the atmosphere, 
and partly because of the Joule-Thomson effect, already 
discussed, which becomes increasingly important as 
the critical point is approached. The air, thus cooled 
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escapes by passing around the tube through which 
flows the air coming from the compressor, and as yet 
not fully expanded, and so chills it in advance. Thus 
the next quantity of air reaches a still lower temperature 
as a result of its expansion, and this degenerative process, 
as it might be called, ultimately lowers the temperature 
of the on-coming air below the critical point, so that 
further expansion results in condensation, as in the 
case of an ordinary vapor. 

In considering the theory of Linde's machine, we 
have to take two stages into account. One in which 
the substance is bivariant and/(^, v, T) = o applies; 
and later within the univariant region of saturated 
vapor where / (/>, T) = o applies. 

If we assume that the expansion is essentially adiabatic 

we may write dq = du + dw = o, hence du = —dw, or 

dw is a.n exact differential; and, as was shown in the last 

chapter, in the case of unresisted expansion, which applies 

roughly to Linde's machine, d u + d {p v) = o. It was 

further proved for the constant- volume gas thermometer 

(p. 128) that this equation may be transformed to 

5 p 
c dT + Idv + V d p =0, or, setting T-r^= I, we obtain 

01 

T^Si^v + cdT + vdp = o . . (156) 

o I 

Comparing this equation with (4), where dq = o 

Sp 
and r— = is substituted for /, we see that (156) is not the 
01 

equation of a true adiabatic, but it has a slope inter- 
mediate between an adiabatic and an isothermal on the 
p V diagram. It can only be plotted by assuming a 
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particular equation to represent / {p, v, T) = o, such as 
Van der Waals' or Clausius'. 

Now suppose the above expansion has carried the 
cooling down to the saturation curve of the gas in 
question, then a new state of things arises. The substance 
is defined by some function f (p, T) = o. However, 
as before, du + d (pv) = o, although du is no longer 
equal to c dT, but, as shown in equation (154), it is a 
more complicated function involving both the liquid 
and the vapor present in the mixture, or du = d[Lx — 
p X (v" — v')] +[c dT — p dv], where the first term is 
the differential intrinsic energy of the vapor, and the 
second that of the Hquid, as is readily seen by inspection, 
each being of the form dq — dw = du. But, since 
du = — d (pv), we have 

-d[p'ii-x) + pv"x] = d[Lx~px{v"-v')] + [c dT-p dv]{is7) 
In which v', v" and c are functions of T. The solution 
of this equation, even approximately, is impossible, 
mainly because the function v" = / (T) is unknown. If 
this were given, however, and v' and c were assumed 
constant, we might hope to calculate x from a knowledge 
of the ranges of temperature and pressure involved, and 
thus predict the quantity of air liquefied relative to the 
total amount cooled. 

ENERGETICS OF SATURATED STEAM 

The practical problems involving the transformation 
of thermal into mechanical energy, using saturated 
vapor as the working substance, are almost invariably 
concerned with steam. Four kinds of steam expansion 
will be discussed; adiabatic, isothermal, isoenergic (or 
at constant intrinsic energy), and one following the 
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saturation curve. During this discussion of saturated 
steam it should always be borne in mind that we are 
deahng with a univariant system as far as the steam 
proper is concerned, and we can always express one of 
these variables as a function of either of the other two. 
The most familiar of these possible general relations is 
p = j (T), and tables or curves expressing it are of the 
greatest value. In other words, if we know the tem- 
perature of the saturated steam, the pressure is deter- 
mined, and consequently its specific volume; and con- 
versely, if the pressure is given, the temperature and 
specific volume may be found from the tables. Of 
course, if we are considering a mixture of steam and 
water (wet steam), the dryness becomes a second 
independent variable and complicates the problem, 
although it does not alter the relation referred to above, 
between p and T. It does, however, as is evident, enter 
into the calculation of the volume of the mixture as a 
whole. 

Adiabatic Work. — In order to plot an adiabatic curve 
of saturated vapor on the pressure-volume diagram, we 
must know the relation between p and v for saturated 
steam, but unfortunately, like the relation of p to T, 
this is not known in analytic form. However, the 
following empirical equation, similar to (91) for perfect 
gases, has been found to correspond quite closely to 
the observed values for p and v. It is 

/)/=K (158) 

where K is a constant, and the exponent n depends 
upon the initial dryness of the steam. If the dryness x 
is known, ix can be found from the empirical formula 
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M = 1.035 + -I ^ ■ • ■ (159) 

If the vapor is dry, obviously m = i-i3S, which is seen 
to be considerably smaller than the exponent k in the 
adiabatic equation for perfect gases. It is now possible 
to integrate the area under the adiabatic curve between 
two assumed values for v, assuming n constant over the 
range considered. This integration is effected as 
follows : 

p dv ..... (i) 
■"1 

but by (158) pxVi^= piV%= pv*^ hence 
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,r^dv 
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■ • • 
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(160) 


where 


r is 


the ratio of 


expansion, 


Vi/Vi. 


Further, 


since 


P,vx' = 


-P2 


%" (iii) 


may 


be readily 


transformed to 












P1V1-P2 


Z'2 




/',/;, \ 



w = 



(Note : These equations are made applicable to per- 
fect gases by substituting k for m/ (161) is readily 
converted to (95) by substituting RT ioi p v.) 

Unfortunately, n varies so widely that these formulae 
do not give accurate results with saturated steam; a 
better way, and the one commonly used, depends on 
the principle that the work done during an adiabatic 
expansion is at the expense of the intrinsic energy, or 
du = —dw. By equation (155), 
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Ml= Uo+J C d r+ ii Xi~ pi Xi (v" — v') 

But since v" is enormously greater than v' at any ordinary 
temperature, we may neglect v', the volume of the 
water, as insignificant. The equation thus becomes 

Ml = Mo +J cd T+{Li— pi v")xi, where (L— pi v")isthe 

internal heat of vaporization at Ti. Set this equal to 
Pi, then at any other temperature T2, 

M3 = Ug + J cdT + P2X2 

and the change of intrinsic energy between Ti and T2 is 

Ui— U2= I cdT+ piXi— p2X2=Aw (162) 

thus the work done during an adiabatic expansion is 
given in terms of the change of heat of the liquid, the 
internal heats of vaporization, and the initial and final 
dryness. As the problem is usually given Ti, T2 and Xi 

are the conditions, then pi and p2 as well as I cdT are 

found in the steam tables, and X2 is calculated from 
equation (153). 

Isothermal Work. — The work done during an isother- 
mal expansion is more readily determined. Such an 
expansion in the case of saturated vapors always involves 
an increase in x, because if T is constant, p is constant 
also, therefore the increase of volume must mean the 
evaporation of some of the water present in the mixture. 

Since p is constant, dw = p dv and v = v" x + 
(i — x)v' = v" X very nearly, therefore dv = v" dx, 
since v" is constant when T is constant, and dw = p v"d x 
or 
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W =^ pv" {X2 - Xi) . . . . (163) 

Therefore if X\ and T are given we can find v" and p in 
the tables, calculate X2 from the known final conditions, 
and so find w. 

Isoenergic Work. — If the intrinsic energy is to remain 
constant during an expansion, it is obviously necessary 
to supply heat during the process. Since A m = o, 
(162) becomes 

cdT -\- piXi — P2X2 = o 

If Ti, T2 and X\ are known, we can calculate X2 from this 
equation. The curve representing this expansion is 
approximately an exponential of the form pv = const., 
therefore pi v{ = p2 %", hence 

logj'i-logj>2 

V = :j -. .... (104; 

log V2- log v^ 

To calculate v, we know pi and p2 from Ti and T2; while 
Vi = Xi v"i, and V2 = X2 v"2, very nearly. 

Finally, as in the case of the work done when pv'^ = 

'b 1) — i) '1) 

const., we have Hke (161), w = -^—^ ^-^, where all the 

v—i 

quantities are known. 

Work by Expansion of Dry Saturated Steam. — A 

fourth interesting type of expansion is one in which the 
steam follows the curve of dry saturated vapor. The 
calculation is best performed with temperature and 
entropy as the variables, one of which is independent. 
As has already been explained, in reversible processes, 
enclosed areas on the T S diagram represent the 
quantity of heat transformed into work during the 
cycle represented by that area. But since J Q = W, 
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such areas are proportional to the work done as well. 
In Fig. 34 the work done by the cycle ABC Z)„when 
the expanding steam follows the saturation curve be- 




FiG. 34. 

tween the temperature limits Ti and T2, is given, for 
unit mass, by 

^-L 'dT=J jdT . . . (i) 

But L has been shown to be approximately a func- 
tion of the temperature (143), having the general form 
L = a — b T, where a and b are empirical constants. 
Therefore 

^^'a-bT 



w 



-f 



-dT 



or integrating, 



T 

w = alogY - b {Ti — T2) 



(i6s) 



Such an expansion, of course, involves the addition of 

heat from outside, since A B deviates from the adiabatic 

A B' in the direction of increasing entropy. If the 

expansion were adiabatic and the steam started initially 

T) 7?' 
dry at ^, then at the end of the expansion x = jyn < i, 
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at B. Therefore keeping the steam dry has cost a 
quantity of heat proportional to the area A B B' , or an 
increase in entropy equal to B B' . This added heat, 
however, results in some gain in useful work; although 
the transformation is at a lower efficiency than that of 
the original supply, because it is effected by "jacketing" 
the cyhnder with "Hve" steam and the heat is supplied 
by conduction through the cyhnder walls. Thus the 
heat represented by the area A B B' is, suppHed irre- 
versibly and at temperatures lower than Ti, so its con- 
version into work is less efficient than that represented 
by the rest of the cycle. 

Camot Cycle with Saturated Steam. — The work done 
during a Camot cycle, using saturated steam as the 
working substance, and operating between the tem- 
peratures Ti and T2, and the drynesses Xi and 0C2, is 
readily determined as follows: The efficiency of any 

T —T 
reversible cycle is -^^ — , hence the work done is the 
^ 1 

amount of heat absorbed during the isothermal expan-. 

sion, multiplied by the efficiency. The quantity so 

absorbed is evidently L (xi — X2), where L is the latent 

heat at the temperature of the generator, hence the 

work is 

JL{x,-x,){T,-T,) 

W = =; . . . (166; 

■' 1 

Clausius Cycle. — In the actual operation of the 
steam-engine, it is impossible even to approximate to 
the Camot cycle, mainly because the heat is not supplied 
isothermally to the working substance, but is added at 
all temperatures between that of the feed water and 
that of the steam in the boiler. We may, however, de- 
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scribe a process known as the Clausius cycle, which cor- 
responds to the ideal operation of an actual steam-engine, 
and, since it may be reahzed at least theoretically, forms 
a better standard of excellence than the wholly unattain- 
able Carnot cycle. 

In the Clausius process the water takes on heat at all 
temperatures between T2 and Ti with simultaneous 
increase of entropy and temperature. It is then evap- 
orated isothermally at Ti. Next, as steam, it expands 
adiabatically to Tz, and finally is condensed isothermally 
at that temperature, and returned as water to the boiler 
to be heated over again. These steps may be shown 
graphically on the temperature-entropy diagram. Fig. 
34, where C D represents the first step which obviously 
follows the Hquid curve. D A \s the isothermal expan- 
sion during vaporization. A B' is the adiabatic expan- 
sion, and B' C the isothermal condensation. The Carnot- 
cycle diagram would differ from this only in having an 
adiabatic compression take the place of CD, so that 
starting from a point on the Tt isothermal, directly under 
D, where the condensation is incomplete, the mixture 
would be brought to the wholly liquid state at D, without 
the addition of heat from outside. 

It is easUy seen that, although . the Clausius cycle 
involves a larger area than the Carnot for the same tem- 
perature limits, it is less efl&cient; for even in the ideal 
case of complete reversibility, much of the heat is added 
.at temperatures lower than Ty, thus involving a lower 
efficiency of converting into work the heat not supplied 
at Ti. 

The calculation of the work done by unit mass of 
working substance operating in the Clausius cycle is 
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readily attained when the process is assumed to be 
reversible. During the first step, while the liquid is 
being heated from Tj to Ti, the available energy of the 
heat supplied is given by the product of that heat times 
the efficiency corresponding to the instantaneous value 
of the temperature; therefore, 



AcD = J^ {—T")cdT, 



w 



w 



where T varies between Tx and T2. Further, the avail- 
able energy supplied during evaporation is given by 

Therefore, the work performed during the complete 
cycle is 

or 

Integrating with c taken as constant and unity in the 
second term 

^ = [I'd T-T, log ~' + ii(^^) (166') 

This equation lends itself readily to numerical computa- 
tion with the aid of steam tables, and remembering that 
the whole right-hand member must be multiphed by / 
to give w in joules. The efficiency may be computed by 

dividing w/J hy I cdT + Li, which is the heat input, 

and then compared with that of the Carnot cycle operat- 
ing between the same temperature limits. 
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Non-expansion Cycle. — Still another interesting cycle 
is that of an engine using steam non-expansively. In 
this case the cycle diagram is bounded by two lines of 
constant temperature, and two of constant volume. 
But isothermals for saturated steam are also constant 
pressure lines, hence the work done is represented on 
the p V diagram by the area of a rectangle whose sides 
are pi — p2 and V2 — Vi; therefore w = {px — p^ 
{vi — Di) . If % is the volume of dry saturated steam, 
and Vi that of water, then 

w = {pi- pi) (v" -v') . . . (167) 
or 

w = (pi — P2) v" nearly. 

Fusion. — Besides vaporization, two other changes of 
state exist knoivn as fusion and subhmation. In fusion 



Solid 




Liquid 



Fig. 35. 

we pass from the solid to the liquid state, while the 
reverse process is known as freezing, or solidification. 
It is a reversible process under ordinary conditions, 
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and the isothermal of fusion is similar to that of vapor- 
ization. There are two points of discontinuity A and 
B, and a Hne of constant pressure between them as shown 
in Fig. 35. However, as in the case of vaporization, the 
curve is not necessarily discontinuous. If no "germs" 
of the solid, or other points that favor sohdification, are 
present, the Hquid may be made to follow the line B b. 
This is not possible for the solid from A to d, but there 
are reasons for supposing that the curve may be re- 
garded as continuous. At the points d and b, the 
change of state occurs abruptly and irreversibly, while 
the curve between these points represents an unstable 
condition which caimot be realized experimentally. 

Systems of Isothermals. — In the case of most sub- 
stances, fusion involves an increase of volume, and the 

isothermals do not 
^° intersect, as shown in 

the diagram (36), but 
form a system in 
which those of higher 
lie wholly above those 
.of lower tempera. ure. 
No critical tempera- 
ture of fusion has ever 
Pjjj g been obtained, and 

the locus of the points 
of discontinuity does not appear to belong to a closed 
curve as in the case of vaporization. Certain excep- 
tional substances such as water show a decrease of 
volume during fusion. This brings the liquid branch 
of the isothermal curve to the left instead of the right 
of the diagram. A system of such isothermals must 




Liquid 
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intersect, as shown in Fig. 37, because increasing tem- 
perature, at constant pressure, in general causes an in- 
crease of volume, while it lowers the melting point of 
these exceptional bodies. 
The points P, where 
they intersect, indicate 
that at a given pressure 
and volume it is possible 
to have the substance 
either all in one phase, 
or in a mixture of two 
phases in equihbrium 
with each other. 



Liquid 




Solid 



Fig. 37. 



Heat of Fusion. — To represent the heat of fusion we 
may make use of a diagram in which Q and T are the 
coordinates. The abrupt change at constant tempera- 
ture from A to B represents L, which, as is indicated 
in Fig. 38, changes with the temperature. In the 



L iquid . 



Fig. 38. 

case of crystalline substances, the heat of fusion has a 
well-defined value at each temperature, but such bodies 
as glass and paraffine, which have no very definite melt- 
ing point, have also no definite value of L. They may 
be regarded, however, as if melting followed a curve like 
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A B ID. Fig. 39; thus L diminishes as fusion progresses, 
and they differ from crystalline bodies only in not melting 
at constant temperature. 

Sublimation. — If we pass directly from the solid to the 
gaseous phase without the appearance of liquid, the 
process is called sublimation. It is theoretically possible 
with all substances at sufficiently reduced pressures, 



B Liquid 




Solid 



Fig. 39. 

SO that the liquid phase, at the temperature employed, 
cannot exist in a stable condition. 

Three-Phase Equilibrium. — The relations that exist 
between fusion, vaporization, and subhmation are best 
shown on the pressure-temperature diagram. 

The two diagrams, 40 and 41, show characteristic 
curves for both types of substance, represented by water 
on the one hand, and, say, mercury on the other. It 
will be seen that the three curves meet at the triple point, 
where all three phases may exist simultaneously in equi- 
librium. The region between the fusion and vaporiza- 
tion curves is one in which liquid alone can remain in 
equilibrium. Between the sublimation and fusion curves 
the substance is found only as a solid, in stable equilib- 
rium, and between the vaporization and sublimation 
curves, only as a vapor. The curves are also shown 
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produced beyond the triple point to indicate the un- 
stable condition that may be obtained by careful super- 
heating or supercooling, as the case may be. Thus we 
may have water at — 20° C, and a pressure corresponding 
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to the point a, in Fig. 40, which lies within the stable ice 
region. The potential of this supercooled water is such 
that any spontaneous change must lower it to that of ice, 
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Fig. 41. 

and it Is, therefore, in an essentially unstable condition. 

Following the method already made use of on p. 141, 

it is clear that at P, F'a = F\ = F\, where the sub- 
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scripts denote the potentials of the soHd, hquid, and 
gaseous states respectively. Further, along the fusion 
line, F\= F\, along the vaporization line, F'i,= F\, and 
along the sublimation line F'^ = F\. But solid and 
liquid in equihbrium (except at the triple point) have a 
potential less than that of vapor at the same pressure 
and temperature, because the vapor is unstable at such 
a point and tends to condense spontaneously, thereby 
indicating a higher potential; therefore along the fusion 
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curve F' ^ = F\ < Fj; similarly the other two curves 
of stable equihbrium are such that F'l, = F\ < F\, and 
F'a = F'c < F\. The dotted curves indicating the 
metastable condition are expressed by equations of the 
type F'a = F\ > F'„ which apphes to the fusion curve 
produced. This means that in the region indicated, the 
mixture of ice and water tends to vaporize spontaneously, 
thus indicating a higher potential than that of vapor at 
the same pressure and temperature. These results 
are shown collectively by Bryan, in a diagram similar to 
Fig. 42. 
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Critical Temperature. — The sublimation and fusion 
lines have never been explored far enough to find an 
end; but the vaporization Hne, as indicated, ends at the 
critical point C, and the diagrams 40 and 41 show 
clearly how it is possible to pass from hquid to vapor, 
or vice versa, without crossing the univariant region 
where both phases may exist simultaneously and where 
change of state takes place. A path such as that in- 
dicated by the curved arrow, means a passage from one 
state to the other, without experiencing any abrupt 
change such as vaporization or Hquefaction. 

Transformations Near the Triple Point. — An interest- 
ing difference between the two types of substances 
represented in Figs. 40 and 41 is the following: If we 
start with vapor at a low pressure and temperature, just 
above the triple point in Fig. 41, it is evident that by 
raising the pressure the substance will first become 
hquid, and then, at still higher pressures, sohd. In the 
case of a substance Hke water, however, increasing 
pressure will produce the liquid, but the soHd phase will 
not appear. 

Again, if we take steam, at a temperature lower than 
the triple point, and raise the pressure, it passes directly 
into ice, and if the temperature is very near that of 
the triple point it will ultimately Hquefy under very 
great pressure. But in the case of the other class 
of substances, the fusion curve slopes to -the right, 
and a constant temperature line starting to the left of 
P can never intersect it, consequently the liquid phase 
will not appear, no matter how much the pressure is 
raised. 

Kirchoff's Formulae. - Using the formula of Clapeyron 



u 


= T{v^ 


.dp. 


u 


= T{v, 


-<^ 


u 


= T{v, 





176 GENERAL THERMODYNAMICS 

we can write an expression for the "latent" heat that is 
involved in each change of state. Thus: 



(i) 



where 

Vi = the specific volume of the solid at the triple point, 
D2 = the specific volume of the liquid at the triple point, 
V3 = the specific volume of the vapor at the triple point, 
pi and Li are the pressure and heat of fusion at P, 
p2 and L2 are the pressure and heat of vaporization at P, 
pi and £3 are the pressure and heat of sublimation at P 

Now, suppose we pass around the triple point by an 
infinitely small reversible path, such that T is constant 

during the process. "ThenJ dQ = o around this closed 

isothermal path, hence the algebraic sum of the 
heats is zero and Li + L2 + L3 = o, but if the cycle is 
clockwise, Zi and L2 are positive while L^ is negative. 

. ' Li + L2 = L3 and equations (i) reduce to 
(% - vi) -jj, +(% - ^'2)-^ = (% - ^1)"^ (168) 

A useful form of this equation which shows the relation 
between the slope of the subUmation and vapor curves is 

d p3 _ dp2 _ 1)2— 'Z'l ( d pi _ d p2 \ 
dT dT~ v,-v,\dT dTf 

i_ ^ . , ■ ■ d p2 . . ..dp, 

but V3 — Vi IS always positive, -rf is always positive, -j^ 
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has the same sign as v^ — Vi, as was proved (p. 144), and 

d p 
has a greater absolute value than -p^, hence the right- 
hand member of the equation is always positive, so that 

d p3 d p2 

-T-= > -3-=, which means that the subhmation curve is 

a I d 1 

steeper than the vaporization curve, as was shown in the 

diagrams. 

12 



CHAPTER VIII 
THE SOLUTION OF PROBLEMS 

General Remarks. — There are two principal sources 
of difficulty in making numerical computations in ther- 
modynamics. First: it is not always easy to decide on 
just the equation most suitable to the case in hand, and 
it may sometimes be necessary to modify some standard 
formula, or express it differently to meet an unusual 
situation. Second: in substituting numerical values in 
an equation, it is essential that the various quantities 
be absolutely congruent with regard to the units chosen, 
and the "dimensions" must harmonize on both sides 
of the equation; both are obvious but easily disregarded 
conditions. For instance, if p is expressed in pounds 
per square inch, then v should be given in cubic inches 
per pound; or if one side of the equation gives ergs and 
the other does not, it is evident that the equation is 
incorrect and some quantity such as R is needed to 
harmonize the dimensions. It may seem unnecessary 
to point out such obvious dangers, but it is the writer's 
experience that nine errors out of ten, among beginners, 
come precisely from incongruent units, and inharmo- 
nious dimensions. 

Joule's Equivalent. — In using the equations of the 
preceding chapters, the student is again cautioned that 
/ (or its reciprocal ^) is frequently omitted in the de- 
velopment of many important formulae, and, in using 
any equation for quantitative work, he should make 
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sure that both members, if they deal with either heat or 
mechanical energy, are expressed in the same kind of 
units. 

Joule's equivalent has no "dimensions," being a pure 
numeric, but it appears in all equations which connect 
heat with energy, and its value, of course, depends upon 
the system of units employed. For instance, if heat is 
expressed in terms of the ordinary calorie, and mechani- 
cal energy in joules, then / = 4.185. But if, instead, 
we use, as our heat unit, the average quantity nec- 
essary to raise a pound of water 1° F., between the 
limits of the freezing and boiling points, and the 
gravitational unit, or foot-pound, to express mechanical 
energy, then / becomes 777.9 nearly. The gravitational 
unit of energy is also used in the metric system; thus, 
taking the kilogramme-metre in place of the joule, the 
value of / becomes .4267 . In Table I will be found values 
of /, or its reciprocal, for converting various units of one 
kind of energy into units of the other, and it will be 
found useful in numerical work. 

The Perfect Gas Constant, R. — Another important 
constant whose value may be given in a variety of ways 
is the one which appears in the fundamental equation 
of perfect gases pv = RT. It has already been ex- 
plained that R is ordinarily regarded as varying with the 
substance considered, and in each case depends upon the 
units chosen as well; but if a gramme molecule is taken 
as the unit mass, then R becomes a universal constant, 
though it still varies with the units chosen to measure 
the pressure and volume. If temperature is considered 
as having no dimensions, it is obvious that R has those 
of energy divided by mass and it may be expressed in 
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terms of ergs, calories, litre-atmospheres, etc., per gramme. 
Thus, if p is given in dynes per sq. cm. and v in cu. cm. 
per gramme, then pv = ergs per gramme, a.nd,ioT a. gramme 
molecule of any gas supposed "perfect," 72 = 8.317 X loi^' 
ergs/gramme-mol. This is readily reduced to the value 
corresponding to the gramme of a particular gas, by 
dividing by its molecular weight. If, however, the 
pressure is given in pounds per square foot, and the 
volume in cubic feet, while the temperature is on the 
Fahrenheit scale, then R = 1543 ft. lbs. per pound mole- 
cule instead. Still another value is obtained by stating 
the pressure in terms of standard atmospheres, -and the 
volume in litres, in which case R appears in terms of a 
unit known as the litre-atmosphere, being the work done 
by a pressure of one atmosphere acting on a square 
decimetre through a distance of one decimetre. Or, 
using the EngUsh system, we obtain the cubic-foot- 
atmosphere as the corresponding unit. Table II gives 
values for R per gramme molecule and pound molecule, 
according to several systems of units. It is, of course, 
understood that with the metric units, the temperature 
is Centigrade, and with the English units, Fahrenheit. 

Standard Conditions. — The standard atmosphere, just 
referred to, is the pressure that will support a column of 
mercury 760 mm. high at 45° latitude, and mean sea- 
levelj the thermometer being at the freezing point. 
This is 1,013,200 dynes/cm.^, or about 10,333 kg./lf.', 
and in the Enghsh system, about 14.696 Ibs./in.^, or 
2116.32 Ibs./ft.^ The standard temperature is 0° C, 
and for purposes of computation it is commonly taken 
as 273° on the absolute scale. The corresponding values 
Fahrenheit are 32° and 492°. The value of g, the 
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acceleration due to gravity, will be 980.6 cm./sec.^ 
which was adopted by the third Geneva Conference of 
Weights and Measures. 

Characteristic Constants. — The quantities so far con- 
sidered are, in a sense, universal, but most physical 
constants depend upon the nature of some particular 
body. Among the most important of these are density, 
and its reciprocal, specific volume, specific heat at con- 
stant pressure, and the heats of fusion and vaporization. 
From these quantities it is comparatively easy to 
calculate the values of the less famih'ar constants. An- 
other group of characteristic constants are those that 
define the critical state, and derived from them the Van 
der Waals quantities a and b. There are also the 
quantities that determine a body's elastic properties, 
the coeflScients or exponents of various t3^es of expansion 
etc., etc. Tables III to VII inclusive, give various 
characteristics for certain selected bodies, and the 
succeeding problems wiU deal with the behavior of 
bodies included in these tables. Other constants not 
tabulated may be, found, in most instances, quite readily 
from those that are given. For instance, the specific 
heat at constant volume is omitted in the tables, but is 
readily obtained from the value at constant pressure in 
a variety of ways. In the case of gases, where k, the 
ratio of the specific heats, is known, we have only to 
divide C by this ratio to obtain c. Again, assuming the 
gas to be perfect, we may use equation (80) C — c = RA. 
If R is known for the gas in question, the process is 
evident. This would only be legitimate, however, when 
the gas closely approximates the hypothetical properties 
of perfect gases, as in the case of hydrogen at normal 
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pressure and temperature. In the case of liquids or 
solids c may be computed as follows: By (48) we find 

C - c = T-TTf. -r^ but, by definition, the coefificient 
01 01 

of expansion at constant pressure cxp = - -ry, while, at 

constant volume, Q;^=--r^. Substituting in (48), 
p 1 

C — c = T p V Upa^. But «„ cannot be directly ob- 
served, except for gases, hence we eliminate it by (17), 

or a^ = — — • ; and finally, introducing Joule's equiva- 
lent, (48) becomes 

C - c = ATvap'Er . . . (169) 

where Ej- is the modulus of elasticity at constant tem- 
perature. As an illustration, suppose the ratio k is 
desired for glycerine at 20° C. and normal pressure. We 
find from the tables that the isothermal compressibility 



I 



-6 



of glycerine, -?r- = 25.1 X 10 , measured in atmos- 
£,7- 

pheres, and ap= 5.05 X lo"'*. The density = 1.262 = 

i/v. In choosing a value for A, we must remember that 

V is given in cu. cm. per gramme, which is readily reduced 

to litres per gramme, while Ej is given in atmospheres; 

therefore referring to the Energy Conversion table, we 

find that a litre atmosphere = 24.21 gramme calories. 

Finally T = 293°, at 20°. Inserting these values in 

(169), weobtainC — c = . 0571. ButC = .576 for glycerine, 

therefore c = .519 and k = C/c = 1. 11 nearly. 
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Problems for Chapter I 

The Heat Capacities. — Numerous approximate com- 
putations may be made with the aid of the equations 
derived in the first chapter, provided the principal prop- 
erties of the bodies considered have been sufficiently 
determined. Thus we may calculate the heat capacities 
of well-known liquids such as water or mercury from 
suitable equations taken from (5) to (13) inclusive. For 
instance, in the case of water and mercury, there are 
tables giving the specific volume for each degree of 
temperature over quite a wide range, thus we may 
obtain a small increment of volume A v corresponding 
to an increment of temperature A t, and assuming 



Av (dv\ 

Tt^ \dt) . 



. ,- \i ,1 , we can immediately compute X from equa- 

tion (12), with considerable accuracy, in terms of the 
known quantity C. By transposing (10) we have 

I = (C — c)-— for finite increments, by which I is found, 

Av 

provided c has been computed by the method just indi- 
cated. Similarly, from the modulus of elasticity Ex, we 

Av , 
have a value for — - , and so may find h from equation 

(13), I being now known. Finally 77 is computed from (5) 

A V 
transposed, or r] = Q, — X)tt- The computation of 

the heat capacities of mercury follows: C = .0333 at 

A D o 

o C, c = .0280 at the same temperature. — at o , 

from the tables of specific volume, taking an interval 
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from - 10° to + 10°, is — (.0734205 - .0736877) = 



.0000134. 

•0333 
1.34 X 10 

C-c ^ .0053 
1.34 X io~5 1.34 X 10 



•■ ^= . .. s, .„-5= 2485 



I = -r77-:7-.—s = 777^^^^s = 395-5 



-4 



, Ai» , Av 
n = I -— - where — — = tt i* 
\p Ap 

but7r = — 3-92 X io~''{p in atmospheres) 

^ = -0735540 

:.-- = - 3.92 X io"'x .073554 and 

h = ~ 395-5 X 3.92 X 7-355 X io~^= - 1.114 X 10 

»; =(/-X)^ = 2089.5 X 3.92 X 7-355 X io~' 

= 6.0244 X io~'^ 

Problem i. — Calculate X, /, h and ij for glycerine at 
20° C. Take 7= — 25.1 X Io~^ ap = .oooso5 (at 20° C.) 

= — — 7, and p = 1.2604 

vAt' 

Answer: 

X = 1437.6 
/ = 142.26 
h = — .0045007 

T? = .040969 J 

ThermoelasHc Constants. — The coefl&cient of cubical 
expansion at constant pressure, a^, and the coefficient 
of elasticity at constant temperature, Ex, or its reciprocal 
77- the compressibility, have been experimentally de- 
termined for most common substances, but a,, can be 
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directly observed for gases only; so this quantity as 
well as £5, the adiabatic modulus of elasticity, must be 
determined indirectly. To find a„, we have only to 
apply equation (17), where it is given in terms of ap, Ej, 
and the pressure. Since Et, or yj-, are usually given in 
terms of atmospheres, p must be similarly stated. Thus 
for alcohol at 10° C, and 10 atmospheres, 7r = 92 X io~*. 
Up = .001101, therefore 

ii.oi X io~'*-^ 92 X io~* 



10 



= 1. 197 



£5 is computed by aid of (17') or £5 =k £7- where 
K must be determined by the method applied to glycerine. 

Problem 2. — Calculate a„ and £5 for glycerine at 20° 
C, and under a pressure of 6 atmospheres. 

Answer: 

av= 3-35 Es= 442 X 10* 

Problems for Chapter II 

The first and second laws of thermodynamics are 

seldom appKed directly to numerical computations, but 
they are tacitly involved in nearly all thermodynamic 
problems. A direct appHcation of the first law means 
simply the conversion of a quantity of energy expressed 
in heat units into the same quantity expressed in mechan- 
ical units, or vice versa; thus it is only necessary to 
apply the conversion factors given in Table I and use 
the two laws as stated in equations (22) and (26). 

Problem j. — How many foot-pounds are represented 
by 600 calories? How many B.T.U. are evolved by the 
complete conversion of 150 kg. -metres? 

Answer: 1852.2 ft.-lbs. 1.395 B.T.U. 
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Problem 4. — A piston whose diameter is 20 cm. moves 
10 cm. under a pressure of 10 atmospheres. How many 
calories of heat are transformed into work? 

Answer: 760.68 gramme calories. 

Problem 5. — In a certain thermodynamic transforma- 
tion the working substance gains 600 calories of intrinsic 
energy, and 1,200 joules of work are done, how much 
heat must be supplied? What is the mechanical effi- 
ciency? 

Answer: 886.68 gramme calories. 32.33 per cent. 

Problem 6. — Twenty-five B.T.U. are consumed in 
heating a certain liquid-vapor mixture under a piston. 
The pressure exerted is 80 lbs. per sq. inch, the diameter 
is I ft. and the stroke 18 in. How much does the mixture 
gain in intrinsic energy? How great is the efficiency? 

Answer: 7.553 B.T.U. 69.8 per cent. 

Problem 7. — A Carnot engine takes 100 calories from 
the generator, and returns 80 calories to the refrigerator. 
How many ergs of work are done? 

Answer: 8.37 X 10^ ergs. 

Problem 8. — A Carnot engine, when run reversed, 
delivers 150 calories to the generator. If 300 joules are 
expended, how much heat was taken from the refriger- 
ator? 

Answer: 78.33 gramme calories. 

Problem g. — How much work, in joules, can an ideal 
engine perform, working between the temperatures of 
150° C. and 20° C, if 180 calories are supphed at the 
higher temperature? What is the efficiency of the 
operation? 

Answer: 231.5 joules. 30.73 per cent. 

Problem 10. — An ideal engine operates with 40° F. 



THE SOLUTION OF PROBLEMS 187 

as its lower temperature. If it is capable of converting 
3 B.T.U. into 400 ft.-pounds of work, what is the tem- 
perature of the generator? 

Answer: 143.4° F. 

Problem 11. — What must be the temperature of the 
refrigerator of an ideal engine if 1,500 calories at 200° C. 
are capable of raising a mass of 150 kg. a distance of 
1.5 metres? 

Answer: 33.72° C. 

Problem 12. — ^An ideal engine receives 100 calories at 
120° C, and rejects 80 calories to the refrigerator, what 
is the temperature of the latter? 

Answer: 41.4° C. 

Problem 13. — ^An ideal engine whose refrigerator works 
at 10° C, has an efficiency of 40 per cent. It is desired 
to raise this value to 50 per cent; how much must the 
temperature of the generator be raised? Or, how much 
must the temperature of the refrigerator be lowered? 

Answer: 94.34° raised, or 47.17° lowered. 

Problems for Chapter III 

In this chapter are considered entropy, potential, and 
available energy, apart from the properties of any par- 
ticular body. Problems of a general nature dealing with 
these quantities can be solved because we are not con- 
cerned with their absolute values, but only with changes 
that may occur, and these changes are independent of 
the particular process followed, and may be expressed 
in terms of quantities that do not depend upon any 
especial substance. 

Entropy. — Thus we may calculate the entropy gained 
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in supplying a certain quantity of heat at constant 

temperature by the simple ratio 7f^ ; or the change of the 

entropy when Qi heat units are suppHed at Ti, and Q^ 
rejected at T^, by the obvious statement Si — S2 = 

-TjT — TjT. Further, the gain of entropy of the working 

substance in a simple but irreversible engine, may be 
computed in general terms if the efficiency E is known, 
for the heat rejected is Qi — (Ji E, and the entropy of 

this heat is „ where T2 is the temperature at 

which the heat is rejected. Hence the entropy gained 

irreversibly is Tf, tj^, where 1 1 is the tempera- 

ture of the source. 

Availability. — If the entropy, referred to some arbi- 
trary zero, is given, the available portion of a quantity of 
heat follows from the defining equation of entropy, or 
OE = Q - ST2. The fundamental equation TdS = 
IW + d U may also be used for such general calcula- 

AT'F 
tions, by writing T (Si — 52) =— p + Ui — U2 since 

both d S and d U are exact differentials. Or we may 
make use of equations (31) to (34), remembering that 
d Aisa,n exact differential as well a.sd U; while T AS = 
A Q, and p AV = AW in reversible processes. 

Thermod;Tiamic Potentials. — The same is true of the 
equations d Ftv = d U - d (T S), a.nd d Fpj = dU -[■ 
d (p V) — d (T S), which may be integrated to Fi — 
F2 = Ui- U2- (Ji Si - T2 S2), and F\ ~ F'2 = [/.- 

U2 -\ J — {Ti Si — T2 Si) . And they readily 
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give the inner, and total thermodynamic potentials 
by writing Ti = T2 in the first case; and Ti = T2 and 
pi = pi in the second case. 

Problem 14. — A substance changes state at 80° C. by 
the addition of 500 calories, what is the gain in entropy? 
Answer: 1.416. 

Problem 15. — A substance changes state with the gain 
of 8 English entropy units, when 5,000 B.T.U. are 
supplied to it. What is the temperature of the trans- 
formation? Answer: 165° F. 

Problem 16. — A substance at 80° C. receives 100 calo- 
ries. At 60° C. it rejects 75 calofifes. What was the 
entropy gained? Answer: .058. 

Problem 17. — In a certain engine, working between 
the limits of 180° C. and 10° C, the efficiency is 
20 per cent. If the heat supplied is 90 calories, how 
much entropy is gained during the operation ? 
Answer: .0557. 

Problem 18. — ^An engine operates between 300° F. and 
40° F. taking on 3,000 B.T.U. from the generator. If 
it gains one English entropy unit, what is its efficiency? 
Answer: 17.58 per cent. 

Problem 19. — Seven hundred calories are suppUed, 
with an absolute entropy value of 2. How much of the 
heat is available if 0° C. is regarded as the lowest avail- 
able temperature? Answer: 154 calories. 

Problem 20. — What is the maximum entropy with 
which 4,000 calories can be supplied, in order that an 
engine may do 4,000 joules of work; regarding 20° C. 
as the minimum temperature? Answer: 43.48. 

Problem 21. — During the heating of a certain sub- 
stance at 60° C, it expands, doing 40 joules of work, and 
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gains 8 calories of intrinsic energy. What is the gain of 
entropy? Answer: .0527. 

Problem 22. — A substance receives 2 English entropy 
units at 80° F., and gains 200 B.T.U. of intrinsic energy. 
How many foot-pounds of mechanical work does it per- 
form? Answer: 6846 X lo^ ft.-lbs. 

Problem 23. — Calculate the gain in available energy of 
a system enclosed in a rigid envelope at the constant 
temperature of 30° C, when its intrinsic energy increases 
by 200 calories, with a loss of 1.5 entropy units. Answer: 
654.5 calories. 

Problem 24. — Calculate the change in available energy 
of a system under atmospheric pressure and at 20° C, 
when its intrinsic energy increases by 500 calories; its 
volume changes from 2 to 5 litres, and its entropy gains 

2 units. Answer: —158.64 calories. 

Problems for Chapter IV 

Very few of the equations derived in this chapter are 
capable of being used directly in calculations, although 
they are of the greatest value in obtaining workable 
expressions applied to such special substances as perfect 
gases, saturated steam, etc. 

Change of State. — Maxwell's third relation as ex- 
pressed in (43) is in a form available for numerical work, 

whenf-T=;j is regarded as being sensibly equal tof — y j , 

or when it may be computed from some empirical 
equation connecting pressure and temperature; but 
these cases will be treated in full under the head of 
change of state to which they particularly belong. 
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Heating by Compression. — Maxwell's fourth relation 
gives us a means of making some computations of a 

quite general nature. By (45), h = — Tyj-=J but dur- 
ing an adiabatic transformation (3) gives us ( j^ ) = — 

-J . Substituting for h in (45) we obtain — ^ = — -—- 
n 5 1 1 ov 

^ T(dv\ , , i(dv\ 

or 5 r = ^ \j^) d p, but a^ =-[jf) > ^^'^ finally, in- 
troducing Joule's equivalent, (45) becomes 

ST = ^^^vSp . (170) 

By means of this equation, taking finite increments, we 
may calculate, approximately, the change of temperature 
corresponding to a change of pressure at a given tem- 
perature, provided cxp and C are known. 

Problem 25. — Calculate the rise of temperature of 
carbon bisulphide when the pressure is increased from 
I to 20 atmospheres at 18° C. The density at that 
temperature is about 1.264. Answer: .529° C. 

Cooling by Tension. — Instead of compressing the 
body, it may be subjected to tension, in which case 5 p 
is negative. The formula just derived may be used to 
predict the cooling of a stretched solid provided it is 
assumed that the cross-section remains constant; hence 
dv = dl (where / is the length), ap must now be taken 
as the coefficient of linear expansion, and in place of v, 
we must introduce the length per unit mass. 

Problem 26. — Assuming the cross-section to remain 
constant, and the process adiabatic, calculate the cooling 
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produced by a weight of 100 grammes hung on a copper 
wire whose diameter is 1.5 mm., where T = 20°. Take 
p = 8.94 and Q:p(Iinear)= 1.6 X Io~^ Answer: .419° C. 



Problems for Chapter V 

Fundamental Equation for Perfect Gases. — The com- 
bined laws of Boyle and Charles expressed by the 
familiar pv = RT are capable of immediate application 
to problems in which either p, v, or T is unknown, and 
R has been determined for the gas in question. 

As an illustration of this type of problem, suppose it 
is required to find the pressure, in atmospheres, when 15 
grammes of nitrogen occupy two litres at a temperature 
of 20° C. Referring to Table III, we find R per gramme 
molecule, in terms of atmospheres and litres, is 8.209 X 
io~''. The molecular weight of N2 is 28.08, hence R, 
per gramme, is 8.209 X io~'' -^ 28.08, or 2.923 X io~^. 

2 
Now T= 293 and z) = — litre per gramme, therefore ^ = 

2.923 X 10-3 X 293 X 15 ^ ^ u r, 
= 0.42 atmospheres. Or we 

may calculate R from the standard conditions of nitrogen. 
If po is the standard atmosphere, Vg the corresponding 

specific volume at 0°, and To = 273, we have i? = -^— = 

=2.921 X io~^, which is a fairly close 

273 

agreement with the value obtained in the other way. 
The pressure may now be calculated as before. This 
latter method may be expressed in a single equation, for 
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Since K = -^=r-, we may write at once p = ~- X — 
■'o "^ T„ V 

which is perhaps the most convenient formula for this 

kind of problem. 

Sometimes the mass is the unknown quantity. In 

V 
this case we must substitute — for v, and, as V is given 

in such problems, the equation can be solved for m. 

Problem 27. — Four lbs. of oxygen are subjected to a 
pressure of 500 lbs. per sq. in. at a temperature of 60° F. 
Calculate the volume. Answer: 1.392 cu. ft. 

Problem 28. — How many grammes of hydrogen will 
occupy 5 Htres under a pressure of 8,000 kg. per sq. 
metre, at 25° C? Answer: .319 gramme. 

Problem 29. — How great a pressure in lbs. per sq. in. 
will be needed to compress 10 oz. of air into a receptacle 
whose volume is 800 cu. in. at a temperature of — 10 ° F. ? 
Answer: 225 Ibs./in^. 

Problem 30. — Fifteen grams of CO2 are in a vessel 
where the barometer reads 650 mm. The temperature 
is 60° C. What is the volume? Answer: 10.89 litres. 

Problem 31. — The volume of a balloon contracts from 
200 to 190 cubic yards at atmospheric pressure. The 
initial temperature was 60° F. What is the final 
temperature if no gas escaped? Answer: 34° F. 

Problem 32. — If a reservoir holds 76 grammes of air 
under a pressure of one- tenth of an atmosphere at 20° C, 
how much will it hold under a pressure of 2 X 10' dynes 
per sq. cm. at — 10° C? Answer: 1671.3 grammes. 

Problem 33. — Calculate the value of R for methane, 
carbon monoxide, and NO2 and so derive their specific 
volumes under standard conditions. 
13 
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Answer: z'ch4= i-398 litres /gramme. 
i)co = -8004 
J'no,= 4868 

Heat Capacities of Perfect Gases. — We have already 
considered the calculation of the specific heat at constant 
volume, when its value at constant pressure is known. 
The same methods apply, of course, to perfect gases, and 
the values so obtained are regarded as constant at all 
temperatures. The other heat capacities are readily 
computed from equations (78) to (83) and need no 
further comment except the caution that the units 
chosen must agree among themselves. To obtain 
values in the C. G. S. system, v should be expressed in 
cu. cm. per gramme and p in dynes per sq. cm. 

Problem 34. — Calculate c, rj and X for air. Ha and O2 
under standard conditions, in absolute units. 

Answer: Air Hydrogen Oxygen 

c = .1693 2.418 -1542 

V = 4-56 X io~^ 6.51 X lo"* 4.16 X 10"' 
X = .0838 .0838 .0848 

Entropy, Intrinsic Energy, and Potential. — The calcu- 
lation of U, S, F, and F' is always made from some arbi- 
trarily chosen zero. Thus, suppose it is desired to calcu- 
late the gain in entropy of a pound of air heated from 10° 
to 100° F., when the volume is doubled, we may apply 

formula (85) solving it for S - S^; when tft = — , the 

-to 470 
last term becomes A R log^ 2; C/c = 1.4, and finally, 

.24 56 _ 

5-^0 = — log,— -^1.29X10 ^XS3-i81oge2 = .o773. 

(Note. — ^In this, and in all other problems involving 
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logarithms, the Naperian are to be used, unless other- 
wise specified.) 

To find the gain in intrinsic energy, or in the potential 
/^', proceed in a similar manner. In using (86) and (87) 
the term R T must be reduced to heat units as in the 
preceding case, by the factor A; and the quantity S^ 
vanishes at the assumed zero of potential. 

Problem 35. — Calculate the intrinsic energy, entropy, 
and potential F, of 20 grammes of oxygen at 175° C, 
which is contained in a vessel of 5 litres capacity, where 
one atmosphere, and 0° C. are regarded as zero conditions. 

Answer: S — Sg = .2496 

U — Uo = 539.8 calories. 
F — Fg = 428.1 calories. 

Problem 36. — Calculate the potential F', referred to 
the same zero, of 15 grammes of N2 at 240° C, under a 
pressure of 35 atmospheres. Answer: F' — F'o= 1975. 
calories. 

The Thermoelastic Properties of Perfect Gases. — 
The quantities Up and a„ are both equal to the reciprocal 
of the temperature; while, as is well known, Ex= p, 
and they require no calculation. 

Heat of Expansion of Perfect Gases. — The computa- 
tion of the heat absorbed during the various types of 
expansion; or, conversely, that evolved during com- 
pression, is effected with the aid of (88), (89), or (90), 
according to the data given. The integration of each 
is perfectly obvious; for instance (88), when integrated, 

is qi-q, = c {T, - T,) + (C - c) T, log JJ^. If pre- 

ferred, R A may be substituted for C — c in the last term. 
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Problem 37. — Calculate the heat absorbed by 2 lbs. 
of air which expand from 20 cu. ft. at 60° F., to atmos- 
pheric pressure at the freezing point. 

Answer: 5.728 B.T.U. 

Problem 38. — Two grammes of air expand with the 
production of 8 joules of work, during which 10 calories 
of heat are absorbed. Calculate the change of tempera- 
ture. Answer: 23.89° C. 

Problem 39. — How much heat must be supplied to a 
quantity of gas, that it may perform one horse-power- 
hour of work by expanding at constant temperature? 
Answer: 2545.2 B.T.U. 

Adiabatic Expansion. — When a gas expands adiabatic- 
ally, the relation between pressure and volume is given 
by (92), where the second member is constant, and k and 
R must be known for the gas in question. Many 
practical problems may be solved by its aid, and in 
general it is not necessary to compute the value of the 
constant, which may be set equal to K or any other 
symbol. Thus if the initial pressure and volume, and 
final pressure of a gas are given, while it is desired to 
find the final volume after adiabatic expansion, we have 

piVi = P2V2 , or% =\^-r-)'' = 1^]" ^1- 

Problem 40. — One kg. of hydrogen expands adiabatic- 
ally from a pressure of 200,000 kg. per sq. metre, to 
15,000 kg. per sq. metre. The initial volume was 150 
litres; what is the final volume? Answer: 941.7 litres. 

Problem 41. — Calculate the value 6l the exponent k 
for a perfect gas, whose adiabatic curve passes through 
the points pi = 2,0, Vi = 2, p^ = 10, and % = 4. 

Answer: 1.585. 
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Problem 42. — In the preceding case, if C = .24, calcu- 
late c and R for the gas assumed. 

Answer: c =.1514. 

R =.37078 Joules/gramme. 

Work Accomplished by Expansion. — The work done 
during an isothermal expansion may be found from (97), 
where r may be either the ratio of the volumes or pres- 
sures; since, with T constant, r — — = ~^ . The work of 

an adiabatic expansion may be readily computed from 
(95), or any of its derivatives, such as (95')- If p\ and 
pi are given, -Ox and r may be calculated from (91), and 
the work obtained as above. 

Problem 43. — How much work is required to compress 
3 lbs. of oxygen from 60 to 20 cubic ft., at a temperature 
of 40° F.? Answer: 79439. ft. -lbs. 

Problem 44. — How much work is done when 6 kg. of 
CO2 expand adiabatically from a temperature of 180° C. 
to 20° C? Ansnuer: 63.58 kg. m. 

Problem 45. — How much work is done when 190 litres 
of nitrogen expand adiabatically from a pressure of 20, 
to 5 atmospheres? Answer: 3 11 700. joules. 

Available Energy and Efficiency. — The total available 

energy contained in a mass of compressed gas may be 

calculated from the same formulas, either for adiabatic 

or isothermal expansion; but in each case we must 

deduct the energy wasted in expanding against the 

lower pressure of the process which, in practice, would 

be the atmosphere. Therefore the available energy 

^"2(^2 — ^1) 
W A = Wj—p^iyi — i)xj ; and the efficiency is i — — -^ — , 
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where W^ is the total energy represented by the com- 
pression from p2 to pi. If the data are the initial and 
final pressures, the volumes may be found from pv = 
RT, or pv" = K, according to whether the expansion is 
isothermal or adiabatic; and the same two equations 
would be used if the volumes were given, and the press- 
ures required. 

Problem 46. — What is the available energy in a tank 
of 4 kg. of compressed air at 20 atmospheres, and 15" C, 
if the expansion is to be carried down to one atmosphere, 
and at constant temperature? Answer: 675,950 joules. 

Problem 47. — What is the available energy in a tank 
of 6 lbs. of compressed air at 30 atmospheres and 60° F., 
if the expansion is to be adiabatic to one atmosphere? 
Answer: 199,870 ft. -lbs. 

(This latter case is apphcable when the expansion is 
very fast, while the former is true for very slow expan- 
sions. It may readily be shown that, when the expansion 
is conducted isothermally, the gas ctoes more work, since 
it receives heat through the walls of the containing 
vessel.) 

Problem 48. — Calculate the available energy in prob- 
lem 47, assuming the expansion to be isothermal at 
60° F., and between the same pressure limits. Answer: 
404,000 ft. -lbs. 

Change of Temperatiire During Adiabatic Expansion. 
— The fall of temperature during an adiabatic expansion 
may be found directly from (96) in terms of the expansion 
ratio; or, eliminating v, by (91), which becomes 

T, \pj 
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Problem 49. — ^What is the final temperature of a 
quantity of hydrogen, which expands adiabatically from 
a pressure of 6 atmospheres and 30° C. to 1.5 atmos- 
pheres? Answer: — 70.5° C. 

Problem 50. — ^A quantity of air is compressed adiabati- 
cally so as to occupy one- tenth of its original volume; 
its temperature was 20° C. before compression, what 
is it afterward? Answer: 468° C. 

Closed Cycles with Perfect Gases. — ^We now have to 
deal with the external energy involved when a perfect 
gas is put through a closed cycle of operations. In the 
cycles considered in this book, the calculation is perfectly 
simple. Thus, by (98), we find that the work per unit 
mass of working substance performed in a Carnot cycle, 
is given by 

u = R{Ti - T2) log r, 

where r is the ratio of volumes of each adiabatic curve, 
and is greater than unity if the cycle is performed 
directly, but less than unity for the inverse process. If 
the initial and final pressures are given instead of the 
volumes, r may still be foimd, since Ti and T2 are 
known. 

The constant pressure and constant volume cycle is 
still simpler, being given by cj = A p Ar. The Stirling 
cycle has the same equation as that of Carnot, but the 
ratio r refers to an isothermal, instead of an adiabatic 
expansion. 

Problem 51. — Calculate the work done by 6 lbs. of 
oxygen regarded as a perfect gas, operating in a Carnot 
cycle between the temperatures of 500° F. and 60° F., 
and initial and final pressures of 200 and 15 lbs. per sq. 
in., respectively. Answer: 251,630 ft.-lbs. 
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Problem 52. — Calculate the external work in kg. 
metres when one kg. of perfect gas performs a rec- 
tangular cycle between the pressure limits of 8 and i 
atmospheres, and 10 and 3 cubic metres of volume. 
Answer: 506,317 kg. m. 

Problem 53. — How much work is done per unit mass 
of working substance, by a Stirling engine using hydro- 
gen, and operating between the temperatures of 150 C. 
and 10° C, and a volume ratio of 8 ? Answer: 1173.7 
joules. 

Flow of Perfect Gases Under Pressure. — In comput- 
ing the velocity of flow, when a compressed gas escapes 
through an orifice, we may use equation (103) where 
the velocity is given in terms of quantities that are 
readily measured. It is, of course, essential that / 
should be expressed in suitable units. If u is to be given 
in cm. per sec. then / should be chosen so as to reduce 
calories to ergs, while if u is in ft. per sec. / must reduce 
B.T.U to ft.-poundals. 

Problem 54. — Nitrogen gas, under a pressure of 20 kg. 
per sq. cm., and at 18° C, is allowed to escape into the 
atmosphere. What is the velocity of flow, if the process 
is regarded as adiabatic and without friction? Answer: 
585.6 m/sec. 

Problem 55. — Compressed air escapes from a receiver 
into the atmosphere with a speed of 2,000 ft. per sec. 
The initial pressure was 20 atmospheres, what was the 
temperature, assuming the process to have been adiabatic 
and without friction? Answer: 123° F. 

Estimation of Altitudes. — Either (106) or (106') may 
be used to estimate the heights of mountains with the 
barometer, though the latter is more correct, especially 
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at great altitudes. Of course R must be expressed in 
terms of ergs per gramme, and g in cm. per sec.^ to give 
h in cm. ; or in the English system, R must be in foot- 
poundals per pound and g in ft. per sec.^ to give h in feet. 

Problem 56. — Assuming the atmosphere isothermal, 
calculate the height of a mountain when the barometer 
read 560 mm., while at sea level it stood at 760 mm., 
with a temperature of 18° C. Answer : 2598. metres. 

Problem 57. — Calculate the height of the same moun- 
tain assuming the atmosphere adiabatic. Answer: 2481. 
metres. 

Problems for Chapter VI 

Van der Waals' Equation. — Real gases are most readily 
dealt with by aid of this celebrated equation. For pur- 
poses of computation we may transform it to read 

{p-\ — ^j(v — b) = z -{ where t is the temperature 

in degrees Centigrade and p and v are no longer specific 
pressure and volume, but the pressure is measured in 
atmospheres, and the volume in terms of the normal 
specific volume of the body in question taken as unity. 
This normal specific volume means the volume one 
gramme of the substance would occupy at 0° C, and under 
atmospheric pressure, provided it behaved like a perfect 
gas at that temperature. Now the specific volume of a 
gramme molecule of a perfect gas at 0°, and under the 
pressure of one atmosphere, is 22.41 litres, therefore the 
normal specific volume in litres is equal to 22.41 divided 
by the molecular weight of the substance in question. 
It is thus possible to find v^ for bodies that are really 
liquid at the freezing point. 
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Adopting these units, it is obvious that R = -^ = — 
^ ^ To 273 

therefore T R, which is the second member of Van der 

T 
Waals' equation, becomes — , which may be written 

I H . The quantities a and b, based on the scale of 

pressures and volumes assumed above, have been 
calculated for a great variety of substances from their 
observed critical pressures and temperatures. We saw 
in the paragraph on the critical point, that the critical 

temperature T^ = — 7-^ and the critical pressure p^ = 

a 
— 75. From these equations are readily derived a = 

27 R'T,' , , i?r I 

— z — - — and b = „ , . But smce R — , they re- 

64 i** &Pc 273' ^ 

duce to 

a = 7 — ~ ,, , , and b = 



64 X 2732X pc 8 X 273 X pc 

Table VI gives values for T^ and p^, as well as a and b, 
for several gases, and substances liquid under ordinary 
conditions. The latter quantities have been computed 
from the former, as indicated above, and are taken from 
Landholt and Bornstein's Tables. The values chosen 
are by those observers who seemed to agree most nearly 
with the mean of all. 

Isothermal Curves. — We are now in a position to plot 
the isothermal of a body supposed to be described by 
Van der Waals' equation. For instance, in the case of 
CO2, equation (107) becomes 
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-■00683 T_ 

^^ if' 273(1) —.001813) ■ 

Now let T have any assumed value, as 273, or the critical 
temperature 273 +31.9, and then p may be computed 
for a series of values of v. 

Problem 58. — Plot the isothermal of ether at 60° C, 
also the critical isothermal. 

Entropy. — By equation (113) we may readily calculate 
the entropy of a Van der Waals body S — S^, above 
any chosen zero, and for an assumed temperature and 
specific volume. In this problem c must be known 
approximately for the range of temperature involved, 

b is taken from the tables, R = — , v^ = i, and v is to 

273' 

be expressed in terms of v^. Finally the last terms, in 

which R appears, must be multiplied by the constant A 

expressed so as to transform into calories our new 

mechanical unit, Do-litre-atmospheres, where v„ is the 

normal specific volume given in litres. Thus for oxygen, 

22 4.1 "T" ^2 

A = — '- , where the numerator is the value of 

.0413 

Vo, and the denominator the suitable value of / taken 
from the energy conversion table. 

Problem 59. — Assuming atmospheric pressure and 
freezing point as the entropy zero; calculate its value in 
4 grammes of ammonia at 80° C, when enclosed in a 
receiver whose capacity is 5 litres. Answer: .407. 

Intrinsic Energy. — By means of (114) we may calcu- 
late the gain of intrinsic energy, u — u„, above any 
assumed zero. Here the quantities are measured as 
above, and the last term must be reduced to calories by 
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a 
the factor A , because — has the dimensions of a pressure, 

) has the dimensions of p v, or mechanical 

■VVo ^ 

work. 

Problem 60. — Calculate the intrinsic energy, assuming 
the same zero as above, for 9 grammes of CO2, at 18° 
C, contained in a receiver whose capacity is 3 htres. 
Answer: 26.82 gramme calories. 

Thermodynamic Potential. — In applying (115) to 
calculate f — fo, it is obvious that the last two terms of 
the right-hand member must be multipUed by A, the 
value being the same as in the preceding cases. 

Problem 61. — Calculate the potential F of 6 grammes 
of nitrogen at 10° C, in a receiver whose capacity is 
750 c.c. Answer: 243.2 calories. 

Heat Capacities 1 and h. — These values may be found 
from (116) and (117) multiplied by A. 

Problem 62. — Calculate I and h for ammonia at 100° 
C, and a specific volume of .2 litre per gramme. 

/ = 9.0696 X A 

Answer: , o ^^ a 

h = .003498 X A 

Specific Heat at Constant Volume. — Here we have 
only to apply (118), provided C is known, and solve for 
c. The right-hand member must, of course, be multi- 
plied by A adapted to Ho-litre-atmospheres of the gas 

considered, and as usual, R = — . 

273 

Problem 63. — Assuming the specific heat at constant 
pressure of CO2 to be .1843 ^.t 0° and atmospheric press- 
ure, calculate c under the same conditions. Also cal- 
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culate c when the pressure is such that at o° C, 5 
grammes occupy 400 c.c. ^w^wer; (a) .1385; (6) .1349. 
Thermoelastic Coefficients. — ^Although the equations 
have not been derived in the text, it is not difficult to 
calculate the thermoelastic coefficients by aid of equa- 
tions (66), (67), and (68). Thus, to determine Ej from 
equation (115), we have 



2(1 , TRv , , 



hence 

2 d T Rv 

Similarly we may obtain a^,, for 
h^f R 



dv8T (v-b) 



- So 



but by (68) 



hence 



_ gy /If 

Rii'iv-b) 



'^~ RTv'-2a{v-by • • ^^'^^^ 
Thus, if V and T are given, we may find Op in terms of 
known constants.* Finally by (66) 
S'f /(dj_\ 
'/ \dvJ'. 

Rv" ( ^ 

""^^ RT-^-a{:u-b) ■ ■ ■ ■ ^^73^ 

In the case of certain bodies such as hydrogen, a is so 
much smaller than b, that it may be neglected in com- 



or 
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parison. In such cases the thermoelastic coefficients 
reduce to „ _ TRv 

^^~ (v-by 

R(v- b) 
I 

^V 'T' 

and if b is regarded as neghgible, we recover the values 

I 
for perfect gases, or Ej= p and ap= a^= y-. 

But this is far from justifiable, even in the case of 
hydrogen, for both a^ and a^ vary considerably with the 
pressure (and consequently volume), although the latter 
quantity is less dependent on it than the former, as the 
above results indicate. Table VII gives some values 
for Op and a^ determined by Amagat, and taken from 
Ewell's " Physical Chemistry."* The anomalous be- 
havior of hydrogen, which has already been referred to, is 
evident when we compare the steady decrease of a^ as 
compared to the increase toward a maximum, followed 
by a decrease, in the case of other gases. 

Problem 64. — Calculate Ej, ap and a^ for CS2 at 0° C, 
and normal specific volume. Answer: Ej = .9628. 

ap= .003817. 

a^= .003745. 

Problem 65. — Calculate the same quantity for N2 at 
— 80° C, and a specific volume .025 normal. 

Answer: E-j- = 3.0358. 

Up = .006499. 

a„ = -006333. 

* Published by P. Blakiston's Son & Co. 
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Problem 66. — Calculate the same quantities for CO2 
under standard conditions of pressure and temperature, 
and compare results with the table. 

Answer: Ej = .98998. 
Op = .003707. 

'a^ = .003688. 

Work Done by Expansion. — When a Van der Waals 
body expands with the performance of external work, 
there are the two principal cases of isothermal and 
adiabatic expansion to be considered. Equation (119) 
relates to the former case, and gives us the work per unit 
mass in terms of the temperature of the expansion, the 
initial and final volumes, and the characteristic constants 
a and b. Joules' equivalent does not appear in the 
equation, for both terms are in mechanical units; but if 
V is expressed in terms of Vg, and a and b are taken from 
Table VI, then, instead of joules, w will be given in v^- 
litre-atmospheres, and must be reduced to joules by- 
dividing by 9.869 X io~' (see energy conversion table), 
and multiplying by Vg, as in the cases already considered. 

Problem 67. — How much work is done by 6 grammes 
of oxygen expanding isothermally at 40° C, from 1.5 to 
5 Htres? Answer: 575.3 joules. 

Adiabatic work is calculated with equal ease by (120); 
but, as in the case of equation (119), the second term 
must be reduced to joules. If k, the ratio of the specific 
heats of the gas in question, is known, we may determine 
c from a value of C appropriate to the conditions as- 
sumed; otherwise c must be computed from (118). 

If Ti, T2, vi and % are all given, the calculation is 
obvious, but if any one of these quantities is not known, 
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we may get an approximate value from (96), assuming 
that the expansion curve is given hy pv" = K, as for 
perfect gases. 

Problem 68. — How much work is done when 15 
grammes of hydrogen expand adiabatically from a tem- 
perature of 100° C, and a volume of 2 Htres, to a volume 
of 10 litres ? Answer: 13,502 joules. 

Carnot's Cycle. — If the gas passes through a Carnot 

cycle, equation (121) gives the work done per gramme. 

The right-hand member is in mechanical units, but must 

be reduced to joules as has been explained. In such 

problems, we must know Ti, T2 and three out of the 

four volumes. The remaining volume is found by the 

1)2 V3 
perfectly general property of Carnot's cycle — = - which 

was stated in the chapter on perfect gases. If only one 
of the temperatures is given, or only two of the volumes, 
the missing quantity may be estimated by (96), which is, 
however, not rigorously true for real gases. 

Problem 69. — How much work is done when 2 
grammes of CO2 perform a Carnot cycle, where h = 
150° C, ti = 40° C, Vi = 200 c.c, and Fj = 400 c.c? 
Answer: 34.31 joules. 

Clausius' Equation. — The application of this equation 
is more difficult than that of Van der Waals, not only 
because it is more complicated, but because it involves 
three constants besides R, and thus requires the deter- 
mination of three critical values instead of two, if its con- 
stants are to be calculated. From equations (124), 
(125), and (126), it is evident that v^, T^ and p^ must 
all be known to solve for e, B and D; and unfortunately 
I'r has been observed for only a few substances. In the 
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case of CO2, Clausius found the following values for the 
constants that appear in his equation : 

D = 2.09 
B = .00095 
e = .00087 

expressed in terms of atmospheres and v^ as unit of 

volume; while R = — as in the preceding case. We are 

now in a position to calculate u from equation (128) and, 
using M as a basis, it is possible to determine the various 
other quantities, exactly as / was used, in investigating 
a Van der Waals body. We shall, however, not under- 
take the task, on account of the rather limited numerical 
data available. 

Cooling by Unresisted Expansion. — Equation (135) 
may be used in connection with CO2 to estimate the cool- 
ing during unresisted expansion. In using this equation, 
we must reduce the right-hand member to calories, 
remembering that it yields Do-litre-atmospheres, provided 
the values for D and e just given are used. 

Problem 70. — Calculate the fall of temperature when 
CO2 at 27° C. expands unresisted from a pressure of 2 
atmospheres into the air at normal pressure. Answer: 

1-33° C. 
(Note. — Joule and Kelvin found 1.15° by experiment.) 

Problems for Chapter VII 

There are two changes of state of especial importance, 

namely fusion and vaporization. Problems dealing with 

the former are comparatively simple, and may be readily 

solved by practically the same methods and equations 

14 
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that are applicable to the more difficult case of vaporiza- 
tion. We shall, therefore, proceed at once to explain the 
solution of problems which involve the transformation 
of liquid to vapor, and the properties of saturated vapor. 
Water, being the substance most commonly used in the 
practice of thermodynamics, has been studied more 
completely than any other substance; so the discussion 
will mainly be confined to the behavior of water in the 
states of hquid and steam, and mixtures of both. 

Steam Tables. — Practically all problems of this kind 
demand the use of steam tables in which values of various 
quantities are set down corresponding to an ascending 
scale of temperatures, or of pressures. A typical table 
of this sort is that of C. H. Peabody which has been 
used in the solution of the problems under this head. 
We find there for each degree of temperature of steam, 
the following quantities worked out, in most cases, to 
four significant figures, i. The vapor tension of the 
steam, in terms of the barometer reading (inches or 
millimetres), or in pounds per sq. inch. 2. The heat 
required to raise water from freezing point to the tem- 
perature in question. 3. The heat of vaporization, L. 
4. The value of that portion of L which is concerned in 
changing the internal structure of the water during 
vaporization, called "heat of internal work." 5. The 
value of the remaining portion of L which does external 
work against the existing pressure, called "heat of ex- 
ternal work." 6. The entropy of the liquid taken from 
freezing to the given temperature. 7. The entropy of 
vaporization. 8. The specific volume of the steam. 9. 
The density of the steam. 

Calculation of Steam Tables. — The preceding quanti- 
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ties are calculated as follows: Considering the metric 
table (both English and metric tables are given), we have 
first the pressures to determine in terms of the tempera- 
tures. In Peabody's revised tables these values are 
based mainly on the experimental observations of Hol- 
born and Henning published in 1908. The heat of 
the liquid, in the case of water, is found by writing 
c = I -\- k, where k is the small difference between the 
specific heat and unity; therefore the heat of water 

above 0° C. is given by i + / k dt. Since k is always 

small, this may be integrated graphically with sufficient 
precision, making use of the known values of k taken 
for the range considered. 

The heat of vaporization may be found for any tem- 
perature by some formula such as (143). A more recent 
one, due to Henning, and used by Peabody, is Z, = 94.210 

(365 - 0""' 

We may separate the internal from the external portion 
of L by (139), thus obtaining the next two quantities. 
No. 4 and No. 5. The entropy of the liquid is calculated 

/' dt 
c-=, where c is set equal to 

I -)- yfe as before. Therefore the entropy becomes equal 

to logs Y^ + / ^if- The first term is readily com- 

puted, and the second is evaluated graphically by a 
method similar to that used in obtaining the heat of the 
liquid. The entropy of vaporization is obtained direct- 
ly from L, by dividing by the absolute temperature at 
which it occurs. 

Finally, to find the specific volume and the density, its 



212 GENERAL THERMODYNAMICS 

reciprocal, at the temperature T, we use the equation of 

Clapeyron in the form of (43) . Here L is already known, 

^^2 is the volume sought, and vi is the specific volume of 

water at T°, which is known with suf&cient accuracy, 

considering its smallness compared to v^. We may 

dp . . ... 

determine -5— with considerable precision, in the case of 

steam, by taking small finite increments A p and A t, 
and finding that value of A p, from the tables, which 
corresponds with the temperature interval assumed. 
This interval should be taken from a temperature slightly 
below, to another slightly above the temperature for 
which the specific volume is desired. It should also be 
noted that Joule's equivalent must be introduced, and 
appropriately chosen to correspond to the pressure and 
volume units, so that (43) will read 



or solved for v^ and neglecting Vi 

L 



V =- 



dp (173') 



From this equation, v is easily computed, and its recipro- 
cal taken as the density. 

Entropy and Internal Heat of Fusion. — These values 
are obtained, as in the case of vaporization, from (138) 
and (139), where L is the latent heat of fusion. 

Problem 71. — Calculate the gain of entropy when one 
gramme of ice is melted at atmospheric pressure. 
Answer: .2927. 

Problem 72. — Calculate the loss of entropy when 10 
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grammes of mercury solidify at atmospheric pressure. 
Answer: .01202. 

Problem 73. — How much external work in joules is 
done, when one gramme of ice melts under a pressure of 
two atmospheres? (Consider the volumes as substan- 
tially the same as under one atmosphere, and take the 
density of water at 0° as .999868.) Answer: .01856 
joules. 

Problem 74. — What was the change in intrinsic energy 
in the preceding case, assuming that L is substantially 
the same as under atmospheric pressure? Answer: 
79.904 calories. 

The Effect of Pressure on Fusion and Vaporization. — 

The change of the temperature of fusion due to increased 

pressure may be computed with considerable accuracy 

by the equation of Clapeyron. In this case it is justifi- 

dp A p 
able to write -77 =—-—, where the change of pressure may 

be taken almost as great as we wish. Solving for A T, 

AT 
we have, from equation (43), AT =-y— A ^ A 2;, in 

which A z) is the change in volume due to the change of 
state, A p the assumed change of pressure, and L is 
supposed known from experimental data. T should 
really be taken as the average of the range A T, but 
considering that A T is always very small, it is sufi&cient 
to take the initial temperature for an approximate 
solution. The raising of the temperature of vaporization 
by pressure can be found with precision, only if the 
pressure-temperature relations of the saturated vapor 
are known, as in the case of water. It could also be 
calculated by Clapeyron's equation, but that supposes a 
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knowledge of A z; and L at the temperature assumed, and 
therefore introduces more uncertainty than the more 
direct method. 

Problem 75. — Calculate the lowering of the melting 
point of ice when it is subjected to a pressure of 60 
atmospheres. Answer: — .447°C. 



Mixtures of Liquid and Vapor 

The preceding cases become more complicated when 
vaporization is incomplete, but as the presence of a 
mixture of two phases is more common than a single 
phase, it is most important to be able to compute the 
various quantities involved in such mixtures. 

Specific Heat of Saturated Steam. — In calculations of 
this kind, the specific heat c' at any assigned temperature 
is a valuable quantity to determine. It is easy to com- 
pute an approximate value, by combining (148) with 
Regnault's formula for H (142), from which we subtract 
c t, assuming c to be constant, as was done in deriving 
(143). Then L = 606.5 + -S^S ^ — c /, or in Fahrenheit 
L = 1091.7 + (.305 — c) {i — 32). Differentiating with 
respect to t, and substituting in (148), we have 

c' = -305 - y, ■ ■ • • (174) 

by which c'' may be computed at any desired tempera- 
ture. Although we have just assumed c as constant, it 
is desirable, in using formula where the product c / or 

J cdt appears, to look up its value under "heat of 

the liquid" in the tables, rather than simply to set c = i. 
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Total Heat and Dryness of the Mixture. — These 
quantities might be found by integrating (144), but it 
should be observed that c' is a function of T, and the 
form of this function, as derived in the last paragraph, 
can only be regarded as a good approximation. It is 
better, therefore, simply to take the values of L and c t 
from the tables, and if x is known, we have obviously 
q = Lx -\- ct, ox _ , 

X = '^-j^ (175) 

It is thus easy to calculate the dryness if the total heat 
and temperature of the mixture are given. Finally, a 
combination of (145) and (175) makes it possible to 
calculate the total heat of a mixture, when only the 
temperature and specific volume are given. 

Problem 76. — Calculate the specific heat of saturated 
steam, under a pressure of 1488.9 mm. of mercury. 
Answer: —1.032. 

Problem 77. — What is the total heat of a mixture of 60 
grammes of water and steam at 135° C, when 12 
grammes are evaporated? Answer: 1432.5 calories. 

Problem 78. — Calculate the dryTiess of a mixture of 3 
lbs. of water and steam whose total heat is 2,100 B.T.U., 
at a temperature of 320° F. Answer: 45.8 per cent. 

Problem 79. — ^A mixture of 20 grammes of water and 
steam occupy 3 litres at a temperature of 140° C. Find 
X by (145). Answer: 29.4 per cent. 

Problem 80. — ^A mixture of 3 lbs. of water and steam 
occupy 2 cubic feet, at a temperature of 330° F. Find 
the total heat of the mixture. Answer: 434.8 B.T.U. 

Change of Entropy of the Mixture. — When passing 
from one degree of drjTiess to another at constant tem- 
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perature, the change of entropy is obtained by (152), or 

Si — S2 = Tf, — -. But when the temperature 

changes as well, we may make the computation by (151) 

Si — S2 = —Tf. 7f- + C YOgTjT- 

-t 1 -'2 -'2 

L 
(Note. — The entropy of vaporization ^, as well as the 

C'cdt . . , 

entropy of the liquid above t„,ox I —-, are given in the 

tables.) 

Problem 81. — Calculate the difference in entropy be- 
tween one kg. of a mixture of steam and water when 
X = .24 at 135° C, and x = .1 at 160° C. Answer: 
.1274. 

Problem 82. — Six pounds of a mixture of steam and 
water are enclosed in a receiver of 25 cu. ft. capacity, at 
a temperature of 260° F. What is the gain in entropy 
when the receiver is heated to 320° F.? Answer: 3.55. 

Problem 83. — Calculate the change of entropy in the 
last problem, if the volume were increased to 40 cu. ft., 
without change of temperature. Answer: 1.665. 

Change of Dr3mess During Adiabatic Expansion. — 
From a practical standpoint, it is frequently desirable to 
calculate the changing proportions of liquid and vapor 
during expansion in the cyhnder of an engine. The de- 
termination of the value of x, after an adiabatic expansion 
to some given temperature, from a given initial dryness 
and temperature, is effected by equation (153), which is 
commonly used in the study of cylinder condensation. 
The application of this equation to steam is perfectly 
simple, since it is only necessary to find ii and L2 in the 
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tables, corresponding to Ti and T2, which are supposed 
to be given either directly, or through a knowledge of the 
pressures. 

Problem 84. — The initial dryness of a mixture of water 
and steam is .7 at a temperature of 360° F. What is the 
final dryness, if adiabatic expansion is carried down to 
one atmosphere? Answer: 64.77 per cent. 

Problem 85. — The initial dryness of a mixture of water 
and steam is .9, under a pressure of 9404 mm. of mercury; 
find X2 after adiabatic expansion to a temperature of 
120° C. Answer: 80.91 per cent. 

Equation (153) may also be used to calculate the final 
dryness, or the final volume, if the initial volume is 
given; for x may be found'from (145) when v is given, 
v" is known from T, and v' is practically unity, or .001 
litres per gramme, or 62.4 cu. ft. per lb., according to the 
units chosen. The same equation may also be used to 
calculate the mass of the mixture. If the total volume, 
dryness, and temperature (consequently v"), are known, 

we may write x = —y, r where everything is given 

but m. In many actual cases only the final volume of 
an adiabatic expansion is known. To facilitate the de- 
termination of both final dryness and temperature, tables 
have been prepared, such as Peabody's, in which the 
specific volume of the mixture, as well as the dryness are 
given for each degree of temperature, under an ascending 
series of entropy values. Thus if v\ and Ti are known 
for the mixture, we readily find the value of S\ corre- 
sponding to that particular combination of water and 
steam. Then if s is supposed to be constant, we have 
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only to enter the table under that entropy value and J&nd 
Ti and X2 corresponding to %. 

Problem 86. — Four lbs. of a mixture occupy lo cubic 
feet at 371° F. Adiabatic expansion occurs to 32 cu. ft. 
What are T2 and X2? Answer: T2 = 2']'j° , Xi = .886. 

Problem 87. — Eighteen grammes of a mixture of 
steam and water occupy 3 litres at a temperature of 
170° C. What is the dryness if the pressure falls adia- 
batically to 3 atmospheres? Answer: 69.27 per cent. 

Problem 88. — Three cubic feet of a mixture of water 
and steam are 60 per cent dry at a temperature of 
300° F. What is the total volume after adiabatic ex- 
pansion to a pressure of 30 lbs. per sq. inch? Answer: 
6.27 cu. ft. 

Entropy and Intrinsic Energy of the Mixture. — The 
entropy is obtained, in the case of water, from (152'), 
which is simply the sum of the entropy of the liquid 
above the freezing point, which is given in the tables, 
and that of evaporization. The gain in intrinsic energy 
is to be found by using (155), in which v' is practically 
unity; L, v" and pi may be found from the tables if T 
is given, and Xi must be known directly or indirectly, and 
the second term must be multiphed by A . 

Problem 89. — Calculate the entropy above 0° C. of 
24 kg. of steam and water which occupy 5 cubic metres 
at a temperature of 165°. Answer: 32.1 kg. cal./T. 

Problem 90. — Calculate the intrinsic energy above 
32° F. of a mixture of water and steam, which occupy 10 
cubic feet, when x = .7, under a pressure of 70 lbs. per 
sq. in. Answer: i960 B.T.U. 
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Energetics of Mixtures of Water and Steam 

Adiabatic Expansion. — The most satisfactory method 
for calculating the external work, when steam expands 
adiabatically, is to use equation (162) in which pi and p^ 
are to be found in the tables under "heat equivalent of 

internal work." The integral, / cdT, is the difference 

between the heats of the liquid at the two given tem- 
peratures, and is also found in the tables; Xi must be 
known, or may be calculated directly from the data, and 
-To is found by using equation (153). 

Problem 91. — How much work is done by the adiabatic 
expansion of 2 kg. of a mixture of steam and water from 
200° C, and X = .6, to a final temperature of 150° C? 
Answer: 175,400 joules. 

Problem 92. — How much work is done when 60 
grammes of a mixture of water and steam change adi- 
abatically from a volume of 8 litres at 150° C, to a 
pressure of one atmosphere ? Answer: — 1529. joules. 

Problem 93. — If a mixture of water and steam occupy 
3 cu. ft., under a pressure of 80 lbs. per sq. in., and a 
dryness of .95, calculate the work done by an adiabatic 
expansion which doubles the volume. 

(Note. — Use temperature-entropy tables to find T2 
and Xi.) Answer: 23,430 ft.-lbs. 

Isothermal Expansion. — The work done by an isother- 
mal expansion (or expansion under constant pressure) 
is easily computed by (163), where, as was explained, 
Xi, X2 and T are given either directly or indirectly. 

Problem 94. — Calculate the work done by 2 lbs. of a 
mixture of water and steam which occupy 2 cubic feet, 
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and expand isothermally at 280° F., to a final volume of 
5 cubic feet. Answer: 21,280 ft.-lbs. 

Problem 95. — Calculate the work done by 12 cu. ft. of 
a mixture of water and steam whose dryness is .45, under 
a pressure of 75 lbs. per sq. in., if it expands till all the 
water is vaporized. Answer: 157,900 ft.-lbs. 

Isoenergic Expansion. — If u remains constant, we 
may use equation (161) to calculate the work done, 
where the exponent v is substituted for n in the denom- 
inator, and V is calculated by (164). To apply (164) 
we must know pi, Vi and p2 either directly or indirectly; 
X2 is found by setting A m = o in (162), thus adapting it 
to isoenergic expansion ; and 112 is ea^ly calculated if X2 is 
known. 

Problem 96. — Calculate the work done when 40 
grammes of a mixture of water and steam, whose dryness 
is .5, expand isoenergically from a pressure of 7010 mm. of 
mercury, to one of 3030.5 mm. Answer: 338. joules. 

Expansion of Dry Saturated Steam. — If the expanding 
vapor is jacketed so as to just keep it dry and saturated 
during the expansion, then equation (165) is to be used. 
The values of a and b may be found from equation (143) 
by setting t = (T — 273); hence 

L = 796.2 — .695 r, or in Fahrenheit, 
L = 1433.6 - .695 T. 

It is then only necessary to know the initial and final 
temperatures, and these can always be found, if the 
pressures, or specific volumes are given. The right-hand 
member must, of course, be multiphed by / to reduce it 
to mechanical units. 
Problem 97. — What is the work done by 2.5 lbs. of 
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dry saturated steam expanding from a volume of 8 cu. 
ft. to a final pressure of one atmosphere? Answer: 
341,700 ft.-lbs. 

General "Exponential Ejcpansion." — The preceding 
method may be used f9r the general case of any expansion 
which approximately follows an exponential curve of the 
form pv" = K. This method is well adapted to curves 
that he between the adiabatic and isothermal, and that 
cannot be treated by either of the methods already ex- 
plained. In such cases n is found by (164), like v, and the 
work done follows from any of the equations based upon 
a similar type of expansion, whether derived under the 
head of perfect gases where the exponent was k, or the 
adiabatic expansion of saturated steam, where the ex- 
ponent was fi. In a problem of this kind, it is necessary 
to know both the initial and final pressures and specific 
volumes, either directly or indirectly, therefore (161) is 
a suitable one to calculate the work. 

Problem 98. — Calculate the work done, when 8 kg. of 
a mixture of steam and water expand from pi = 10 atmos- 
pheres, and Fi = .9 cu. metres, to ^2 = 4 atmospheres and 
¥2= 2.8 cu. metres. Answer: 1,998,000 joules. 

Closed Cycles. — In case the expanding mixture per- 
forms a complete cycle of operations, the work done 
depends upon the particular cycle used. Those consid- 
ered in the text are the Carnot, Clausius, and the non-ex- 
pansion cycles; and the work done in each case is readily 
computed by (166), (166'), and (167). In the case of the 
Carnot cycle, T2 may be found if p3 or V3 are given, while 
Xi and X2 may be made to depend upon the initial and 
final volumes of the isothermal expansion. 

Problem 99. — ^A mixture of 10 lbs. of water and steam 
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perform a Carnot cycle where the following data are 
given: Ti = 340° F., Fi = 15 cu. ft., V2 = 36 cu. ft., 
and p3 = 20 lbs. per sq. in. How much work is per- 
formed in one cycle? Answer: 53,290 ft. -lbs. 

Problem 100. — Twelve kilogrammes of water are passed 
through a Clausius cycle, where Ti = 165° C, and T2 = 
100° C; calculate the work done and the efi&ciency, and 
compare the latter with that of a Carnot cycle between 
the same temperature limits. Answer: 3,998,000 joules. 
14.2 per cent. 

Problem loi. — How much work is done by 2 lbs. of 
dry saturated steam which act in a non-expansion con- 
densing cycle where Ti = 280° F., and pi = 2 lbs. per 
sq. inch? Answer: 117,200 ft. -lbs. 

Sublimation Pressure. — Kirchoff's formula (168) may 
be reduced to a form adaptable to numerical calcula- 
tion. The first term of the left-hand member equals 

L, J L^ 

j;-, or more properly -^, and if we consider Vi and % 

as negligibly small compared to %, the equation reduces 

J Li d p2 d p3 r • ■ 

to —^ -h Vi -pf. = »3 -pf^ j or, taking finite increments 

—7;; = ^fT-, and in terms of the notation of Fig. 40, 
AT Iv^ 

where ab = A pi— A p<. 

ab J L^ 



Tp-Ti TpV, 



(176) 



This enables us to calculate the sublimation curve from 
the vaporization curve produced, or, in other words, the 
vapor pressure of the solid at temperatures below the 
triple point. 
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Problem 102. — In the case of water Li = 79.9, Tp = 
273.0076°, V3 is about 206 litres per gramme. Calculate 
the difference of pressure a b between the vaporization 
and sublimation curves at a temperature two degress 
below the triple point. Answer: iig. dynes/cm.^. 
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Water 


.003864 


Battelli 




Alcohol 


.00713 


Dewar 




Ether 


.01584 


Battelli 




CO, 


.oc66 


Andrews 





TABLE VII 
Coefficients of Expansion of Gases 

at between 0° and 100° 



Substance 


I 

Atmosphere 


100 

Atmospheres 


200 

Atmospheres 


500 

Atmospheres 


1000 

Atmospheres 


Air 


.00367 


. 00444 


•00455 


.00331 


.00214 


H2 


. 00366 




.00332 


.00278 


.00218 


CO, 


.00371 


.0414 


.0111 


.00349 


. 00206 



ffiii Atmospheres 



Substance 


I 


50 


100 


200 


500 


Air 


.00366 


.00371 


. 00462 


.00552 


.00617 


H2 


.00367 




■'10373 


. 00383 


•00379 


CO2 


.00369 


.00386 


■00373 
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Absolute entropy, 46 

temperature, 38, 180 

zero, 38, 128 
Acceleration, gravitational, 181 
Adiabatic, definition, 2 

line, 10 

slope of, 15 

compared to isothermal, 16 

of perfect gases, 82, 196, 198 

of Van der Waals body, 114, 207 

change of dryness, 155, 216 

of saturated steam, 161, 219 
Air, value of R for, Table II 

constants of, Tables III, IV, VII 
Altitude, barometric estimation of, 99, 200 
Amagat, on coefficients of expansion, 206 
Amorphous bodies, fusion of, 171 
Atmosphere, height of, 97 

homogeneous, 99 

pressure of, 180 
Availability, 44, 188 
Available energy, 42, 59 

of compressed gas, 197 
Avogadro, principle of, 78 

Barometer, altitude estimated by, 99, 200 
Bivariant system, 135-137, 153 
Boiling-points, Table IV 
Boltzman, on second law, 27 
Bouasse, on cooling by expansion, 131 
Bryan, text-book of, 56 

diagram by, 174 
Bouty on liquid tension, 105 
Boyle, law of, 76, 79, 192 
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Calorie, 2, Table I 

Calorimetric coefficients, 3, 6, 9, Table IV 

Capacities, heat or thermal, 5, 8, 9, 64-69, 183, Tables III, IV 

of perfect gases, 76, 79, 194 

of Van der Waals bodies, 112, 204 

of Clausius bodies, 117 

of real gases, 1 19 
Carnot, principle of, 27, 34, 48 

cycle, 30 

function, 37, 39 

cycle with perfect gases, 86, 199 

Van der Waals bodies, 115, 208 
saturated steam, 166, 221 
Change of state, 132 et seq., 190, 209 et seq. 
Characteristic constants (see Constants) 
Charles, law of, 77, 79, 192 
Chemical potential, 133 
Clapeyron's equation, 65 

applied to gases, 76 
Gibbs' proof of, 140 
applied to steam, 212, 213 
Clausius' statement of second law, 27 

extension of Carnot' s principle, 48 

inequality of, 52 

law of perfect gases, 79 

equation of, 115, 208 

cycle with wet steam, 116, 221 

body, latent heat of, 117 
intrinsic energy of, 118 
cooling of, 130, 209 
Clement, determination of k, 92 
Closed cycles, 22, 29, 34, 49 (see also Cycle) 
Coefficient of dilatation, 11, Table V, VII (see also Thermo- 

elastic) 
Compensation of reversible changes, 54 
Complex, definition of, 133 

intrinsic energy of, 134 

of one component, 137 
Component, definition of, 133 

Compressibility, 12, Table V (see also Thermoelastic) 
Compression, heating by, 65, 191 (see also Pressure) 
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Conservation of energy, 18, 37 
Constant pressure thermometer, 125 

volume thermometer, 128 
Constants, characteristic, 3, 5, 11, 1 81-185, 194. 204, 205, Tables 

III-VII 
Cooling of gas by expansion, 119, 122, et seq. 

of Clausius body, 130, 209 

"effect," 127 

by tension, 191 
Corresponding states, 109 
Conversion of energy units. Table I 

of pressure units. Table VIII 
Co-volume, 103 
Criteria of stability, 59, 62 
Critical point, 108, 117, 202 

temperature, 108, 117, 146, 175, 202 

pressure, 108, 117, 202 

volume, 108, 109, 117, 202 

density, 109 

value of dryness, 154 

constants, 202, Table VI 
Crystalline bodies, fusion of, 171 
cle, general, 22, 29, 34, 49 

Carnoi, 30 

with perfect gas, 86, 199 
with real gas, 115, 208 
with steam, 166, 221 

Stirling, 89, 199 

Clausius, 166, 222 

non-expansion, 169, 222 

Degradation of energy, 58 
Degree of freedom, 133 

of a complex, 135 
Density of saturated steam, 211 

of gases. Table III 

of solids and liquids. Table V 
Desormes, determination of k, 92 
Diagrams, heat-work, 55 

temperature-entropy, 153, 157, 165 

heat-temperature, 171 
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Dilatation, coefficient of, II, Tables V, VII (see also Thermoelastic 

and Expansion) 
Dimensions, harmony of, 178 

of gas constant R, 179 

of Van der Waals constant, 204 
Discontinuity in isothermal curves, 105, 107, 170 
Dry saturated steam expansion, 164, 220 
Dryness of liquid-vapor mixtures, 148, 153, 215, 216 

critical value of, 154 

change during expansion, 155, 216 
Duhem, on potential, 61 

Efficiency of reversible engine or cycle, 34, 36, 40, 51 

by first law, 37 

of dry steam expansion, 166 

of Clausius cycle, 167 

of compressed gas, 197 
Elasticity, modulus of, 11, Table V (see also Thermoelastic) 
Energetics of perfect gases, 84-89, 197-199 

of real gases, 114-115, 207-208 

of saturated steam, 160-169, 219-222 
Energy, conservation of, 18, 37 

intrinsic, 20, 22, 25, 56 

of perfect gases, 75, 80, 194 

of real gases, iii, 118, 203 

of change of state, 134, 144, 157, 218 

available, 42, 59, 197 
Engine, 30, 34 (see also Cycle) 
Entropy, defined, 42 

measured, 46 

two aspects of, 48 

tending toward maximum, 54 

of perfect gases, 80, 194 

of Van der Waals body, 1 1 1 , 203 

of change of state, 144, 150, 211, 212 

general problems, 187 

of liquid, ,211 

of liquid vapor mixtures, 215 

of wet steam, 218 
Equilibrium, thermodynamic, 58 

of phase, 140 
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Equilibrium of complexes, 141 

of two phases, 148, 171 

of three phases, 172 
Exact differentials, 21, 50 
Expansion of perfect gases, 84, 85, 86, 95, 97 

of real gases, 114, 119, 207, 209 

of saturated steam, 155, 157, 161-169, 216, 219-21 

in liquid-air process, 158 

coefficients of. Tables V, VII 
Ewell, Physical Chemistry, 206 

Factors for conversion of energy, Table I 

for conversion of pressure. Table VIII 
First law of thermodynamics, 18, 50, 51, 185 
Flow of gases, 95, 200 
Fluid theory of Carnot, 36 
Free energy, 61 
Freedom, degree of, 133 
Fusion, change of volume by, 144 

isothermals of, 169, 170 

heat of, 171, 212, Table IV 

of crystalline bodies, 171 

of amorphous bodies, 171 

effect of pressure on, 213 
External heat, 145, 158, 210 

Gas thermometer correction, 125-130 
Gases, perfect, 75 et seq. 

real, loi et seq., 118 

cooling by expansion of, 1 19 

liquefaction of, 158 

discussion of constant R, 77, 179 

numerical value of R, 180, 192, Table II 
Geneva conference, on g, 181 
Gibbs, on second law, 27 

on potentials, 57 

on stability, 59 

phase rule of, 134 

on Clapeyron's equation, 140 
Glycerine, computation of c, 182 

thermoelastic properties, 185 
Grarnme-molecule, 78, 179, 192, 201 
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Gravity, acceleration, 181 

Heat, definition of, i 
quantity of, 2 
capacity, 5, 8, 9, 64-69, 183 

of perfect gases, 76, 79, 194 
of Van der Waals bodies, 112, 204 
of Clausius bodies, 117 
of real gases, 119 
latent, 65, 139, 145 

of vaporization, 147, 211, 212, 220, Table IV 
of fusion, 171, 212, Table IV 
specific, 66, 69 
of compression, 66, 191 
of expansion, 82, 195 
external, 145, 158, 210 
internal, 145, 210, 211, 212 
total, 147, 158, 215 
of water, 211 
Height of atmosphere, 97-99 
Helmholtz, on "free energy," 61 
Ilenning, on steam, 211 
Holborn, on steam, 211 
Hydrogen, anomalous behavior of, 124 

standard of potential, 134 
Hydrostatic pressure, 21 

Ice, 144, Table V 

Ideal engine, 30, 34 (see also Cycle) 

Inequality of Clausius, 52, 53 

Inner thermodynamic potential, 61, 189 

Internal heat, 145 

of vapor, 210, 211 

of fusion, 212 
Intrinsic energy, 20, 22, 25, 56 

of perfect gases, 75, 80, 194 

of Van der Waals body, iii, 203 

of Clausius body, 118 

of complex, 134 

of change of state, 144 

of wet steam, 157, 218 
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Invariant system, 135, 136, 138 (see also Triple Point) 

Inversion, temperature of, 124 

Irreversible process, 28, 29, 44, 52, 188 

Isentropic, 48 (see also Adiabatic) 

Isoenergic expansion, 164, 220 

Isometric, 10 

Isopiestic, 10 

Isothermal, definition, 2 

curves, 10, 170 

slope of, 15 

compared to adiabatic, 16 

of perfect gases, 84, 197 

of Van der Waals body, 104, 114, 202, 207 

of Clausius body, 116 

of saturated steam, 163, 219 

Jacketing, dry steam expansion by, 166, 220 
Joule, equivalent of, 19, 23, 178, Table I 

on compression of water, 66 

law of, 75 

experiment of, 121 

on cooling of CO2, 209 
Joule-Thomson effect, 122, 158, 209 

Kamerlingh Onnes, 102 

Kelvin, on absolute temperature, 38 

porous plug experiment, 122 

on cooling of CO2, 209 
Kirchoff, formulae of, 175, 222 
Kundt, tube of, 92 

Landholt and Bornstein's Tables, 202 

Laplace, on velocity of sound, 92 

Latent heat, 65, 139, 145 

of vaporization, 147, 210, 212, 220 

of fusion, 171, 212 (see also Heat capacity) 

Law, first,, of thermodynamics, 18, 50, 51, 185 
second, of thermodynamics, 26, 50, 51, 185 

Linde, liquid-air machine, 158 

Liquid-air machine, 158 

Litre-atmosphere, definition, 180 
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Massieu, on potential, 57, 70 I 

Maxiraurn, entropy approaching, 54 
Maxwell, on heat transfer, 33 

on thermal quantities, 55 

relations of, 63-66, 68, 69 

third relation applied, 190 (see also Clapeyron) 

fourth relation applied, 191 
Melting points, 171, Table IV (see also Fusion) 
Mercury, heat capacities of, 183, Table IV 
Metastable condition, 141 
Mixtures of solid and liquid, 141, 171 

of liquid and vapor, 147, 214 

of three phases, 172 (see also Complex) 
Modulus of elasticity, 11, Table V (see also Thermoelastic) 

Young's, Table V 
Molecular weight of gases, Table III 
Molecule, gramme-, 78, 179, 192, 201 

MooRBY, determination of /, 19 
Mortgage, entropy compared to, 43 

Naperian logarithms, 195 
Newton, on velocity of sound, 91 
Non-expansion cycle, 88, 169, 199, 221 
Normal specific volume, 201 
Notation, 2, Table p. xv 

Onnes, Kamerlingh, 102 
Order of complex, 135 

Peabody, steam tables, 210, 217 
Perfect gases, 75 et seq., 192 et seq. 

equation of, 77, 192 

constant of, 77, 179, 180, 192, Table II 

heat capacity of, 78, 79, 194 

entropy of, 80, 194 

intrinsic energy of, 80, 194 

potential of, 80, 194 

thermoelastic properties of, 81, 195 

heat of expansion of, 82, 195, 196 

transformations of, 82 
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Perfect gases, adiabatics of, 82, 196 
isothermals of, 84, 197 
energetics of, 84-90, 197-199 
flow of, 95, 96, 200 
Phase, defined, 133 

rule, 134 

equilibrium of, 140 

of two phases, 148, 171 
of three phases, 172 
Porous plug experiment, 122-124, 13O1 209 
Potential, thermodynamic, 56, 188 

inner thermodynamic, 61 

total thermodynamic, 61 

equations of, 70-74 

of perfect gases, 80, 194 

of Van der Waals body, 112, 204 

chemical, 133 

of complexes, 141, 173 
Poynting, on measurement of k, 95 
Pressure, hydrostatic, 21 

heat due to, 66, 191 (see also Expansion) 

flow of gases under, 95, 200 

of saturated steam, 161, 211 

of atmosphere, 180 

effect on change of state, 213 

of sublimation, 222 
Preston, on measurement of k, 94 

Quality of steam (see Dryness) 

Rankine, graphic method of, 24 

Ratio of specific heats, 13, 83, 91-95, 181, 182, Table III 

Real gases, loi 

general equation of, 102, 118 

cooling of, 1 19-124, 209 

(see also Van der Waals and Clausius) 
RegnauU, formula for total heat, 147, 214 
Reynolds, determination of J, 19 

Saturated steam, energetics of, 160-169, 219-222 
tables of, 210 
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Saturated steam, specific volume of, 212 

specific heat of, 214 

total heat of, 215 

dryness of, 215, 216 

expansion of, 216 

entropy of, 215, 218 

intrinsic energy of, 218 
vapor, 148 

specific heat of, 148-151 

specific volume of, 149 

dryness of, 149, 153-156 

entropy of, 150 

intrinsic energy of, 157 
Scale of absolute temperature, 38, 180 
Second law of thermodynamics, 26, 50, 51, 185 
Sound, velocity of, 91, 92 
Specific heat, 9, 13, 14, 69 

relations, 66 

of perfect gases, 75, 78 

measurement of, 90 

of Van der Waals body, 1 13 

of saturated vapor, 148-152 

at constant volume, 182 

of saturated steam, 214 

of water, 211 

of gases, Table III 

of solids, liquids, and gases, Table IV 
volume of saturated vapor, 149 

of saturated steam, 212 

of gases, Table III 

(see also Density) 
Stability, 58, 59 

of complex, 141, 172 
Standard conditions, 180 
State, change of, 132, 190 
Steam (see Saturated steam) 
Stirling cycle, 89, 199 
Sublimation, 172 

slope of curve of, 176 
pressure, 222 
Substance, "working," 30 



INDEX 245 

Substance, viscous, 56 
Supercooling, 141, 173 
Supersaturated vapor, 106 
Swinburne, on entropy, 43 

Tables, Peabody's described, 210 

I, Conversion of energy units, 225 
II, Perfect gas constant R, 226 

III, Density, specific heat, and molecular weight of gases, 227 

IV, Thermometric and calorimetric constants of substances, 

228 
V, Density and thermoelastic coefficients of liquids and 

solids, 230 
VI, Critical and Van der Waals' constants, 232 
VII, Coefficients of expansion of gases, 233 
VIII, Conversion of pressure units, 234 
Temperature, definition of, 2 
absolute scale of, 38, 180 
change during compression, 66, 198 
during expansion, 85 
due to altitude, 99 
critical, 108, 117, 146, 175, 202 
of inversion, 124 
(see also Heat, and Cooling) 
Tension in liquids, 105 

cooling by, 191 
Thermal capacities (see Heat capacities) 
Thermodynamic potential (see Potential) 
Thermodynamics, first law of, 18, 50, 51, 185 

second law of, 26, 51, 185 
Therraoelasticity, 11, 13, 66, 73, 74 
Thermoelastic coefficients of perfect gases, 81, 91, 195 
coefficients calculated, 185 

of Van der Waals body, 205 
of solids and liquids. Table V 
of gases, Table VII 
Thermometer, correction of gas, 125-130 

Thermometric constants, 3, 11, 13, Table IV (see also Temperature) 
Thomson, Sir William, porous plug experiment, 122, 124 (see also 

Kelvin) 
Torricelli, principle of, 99 
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Total heat, 147, 158, 211, 215 

thermodynamic potential, 61, 189 
Transformations, general, 24 

of perfect gases, 82 

near triple point, 175 
Triple point, 137, 172-176, 222 

Unavailable energy, 42, 43 

Unavoidable waste, 43 

Univariant system, 135-138, 148, 161 

region, 148 
Unresisted expansion, 1 19-124 
equation of, 126 
cooHng by, 122-124, 130, 158-160, 20Q 

Vacuum, expansion into, 97, 121 
Van der Waals, equation of, 103-110, 201 
bodies, 110-115 

entropy of, iii, 203 
intrinsic energy of. III, 203 
heat capacity of, 112, 204 
potential of, 112, 204 
specific heats of, 113, 204 
energetics of, 114-115, 207, 208 
isothermal curve of, 202 
constants of, 202, Table VI 
thermoelastic properties of, 205 
Vapor (see Saturated vapor) 
Vaporization, 146 et seq. 

latent heat of, 147, 211, Table IV 
entropy of, 211 
effect of pressure on, 213 
Variability, 133 
Viscous working substance, 56 
Volume, change of, during change of state, 143 
normal specific, 201 
critical, 108, 109, 117, 202 
specific, of saturated vapor, 149 
of saturated steam, 212 
of gases. Table III 

Waste, incurred, 43 
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Water, change of volume during fusion, 170 
triple point of, 175 
total heat of, 211 
specific volume of, 217 
constants of. Tables IV, V, VI 
Work, general, 22-26, 30-37, 55 

of expansion, of perfect gases, 84-90, 197 
of Van der Waals body, 114-115, 207 
of saturated steam, 160-169, 219-222 

Young, modulus of. Table V 

Zero, absolute, 38 

determination of, 128 
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Lodge's Notes on Assaying and Metallurgical Laboratory Experiments. .8vo, $3 (OT 
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* Tillman's Elementary Lessons in Heat 8vo, $i 50 

Treadwell's QuiHtative Analysis. (Hall.) 8vo, 

Quantitative Analysis. (Hall.) 8vo, 

Tumeaure and Russell's Public Water-supplies 8vo, 

Van Deventer's Physical Chemistry for Beginners. (Boltwood.) 12mo, 

Venable's Methods and Devices for Bacterial Treatment of Sewage 8vo, 
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Vol. II 8vo, 
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CIVIL ENGINEERING. 

BRIDGES AND ROOFS. HYDRAULICS. MATERIALS OF ENGINEER- 
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Hayford's Text-book of Geodetic Astronomy Svo, 

Hering's Ready Reference Tables (Conversion Factors.) 16mo, mor. 
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* Text-book on Practical Astronomy Svo, 
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Sewer Design 12mo, 

Parsons's Disposal of Municipal Refuse Svo, 
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Reed's Jopographical Drawing and Sketching 4to, «u 

Riemer's Shaft-sinking under Difficult Conditions. (Corning and Peele.).8vo. 3 00 

Siebert and Biggin's Modem Stone-cutting and Masonry 8vo, 1 50 

Smith's Manual of Topographical Drawing. (McMillan.) 8vo, 2 50 

Soper's Air and Ventilation of Subways 12mo, 2 50 

* Tracy's Exercises in Surveying 12mo, mor. 1 00 

Tracy's Plane Surveying 16mo, mor. 3 00 

Venable's Garbage Crematories in America 8vo, 2 00 

Methods and Devices for Bacterial Treatment of Sewage 8vo,' 3 00 

Wait's Engineering and Architectural Jurisprudence 8vo, 6 00 

Sheep, 6 50 

Law of Contracts 8vo, 3 00 

Vaw of Operations Preliminary to Construction in Engineering and 

Architecture 8vo. 5 00 

Sheep, 5 50 

Warren's Stereotomy — Problems in Stone-cutting 8vo, 2 50 

* Waterbury's Vest-Pocket Hand-book of Mathematics for Engineers. 

2^X51 inches, mor. 1 00 

* Enlarged Edition, Including Tables n or. 1 50 

Webb's Problems in the Use and Adjustment of Engineering Instruments. 

16mo, mor. 1 25 

Wilson's Topographic Surveying 8vo, 3 50 

BRIDGES AND ROOFS. 

Boiler's Practical Treatise on the Construction of Iron Highway Bridges. .8vo, 2 00 

* Thames River Bridge Oblong paper, 5 00 

Burr and Falk's Design and Construction of Metallic Bridges 8vo, 5 00 

Influence Lines for Bridge and Roof Computations 8vo, 3 00 

Du Bois's Mechanics of Engineering. Vol. II Sma 4tD ,' 10 00 

Foster's Treatise on Wooden Trestle Bridges 4to, 5 00 

Fowler's Ordinary Foundations 8 vo, 3 50 

Greene's Arches in Wood, Iron, and Stone 8vo, 2 50 

Bridge Trusses 8vo, 2 50 

Roof Trusses 8vo, 1 25 

Grimm's Secondary Stresses in Bridge Trusses 8vo, 2 50 

Heller's Stresses in Structures and the Accompanying Deformations.. . .8vo, 3 00 

Howe's Design of Simple Roof-trusses in Wood and Steel 8vo. 2 00 

Symmetrical Masonry Arches 8vo, 2 50 

Treatise on Arches ". .' 8vo, 4 00 

* Hudson's Deflections and Statically Indeterminate Stresses Small 4to, 3 50 

* Plate Girder Design 8vo, 1 50 

* Jacoby's Structural Details, or Elements of Design in Heavy Framing, 8vo, 2 25 
Johnson, Bryan and Tumeaure's Theory and Practice in the Designing of 

Modem Framed Structures Small 4to, 10 00 

* Johnson, Bryan and Turneaure's Theory and Practice in the Designing of 

Modern Framed Structures. New Edition. Part I Svo, 3 00 

* Part II. New Edition Svo, 4 00 

Merriman and Jacoby's Text-book on Roofs and Bridges: 

Part I. Stresses in Simple Trusses Svo. 2 50 

Part IL Graphic Statics Svo, 2 50 

Part III. Bridge Design 8v«. 2 50 

Part IV. Higher Structures Svo, 2 50 

Sondericker's Graphic Statics, with Applications to Trusses, Beams, and 

Arches Svo, 2 00 

Waddell's De Pontibus, Pocket-book for Bridge Engineers l6mD, mor. 2 00 

* Specifications for Steel Bridges 12mo, 50 

Waddell and Harrington's Bridge Engineering. (In Preparation.) 

HYDRAULICS. 

Barnes's Ice Formation Svo, 3 00 

Bazin's Experiments upon the Contraction of the Liquid Vein Issuing from 

an Orifice. (Trautwine.) Svo, 2 00 

Bovey's Treatise on Hydraulics Svo, 5 00 
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Church's Diagrams of Mean Velocity of Water in Open Channels. 

Oblong 4to, paper, 

Hydraulic Motors 8 vo, 

Mechanics of Fluid? (Being Part IV of Mechanics of Engineering) . . 8vo, 

CofRn's Graphical Solution of Hydraulic Problems , 16mo, mor. 

Flather's Dynamometers, and the Measurement of Power 12rao, 

Folwell's Water-supply Engineering 8vo, 

Frizell's Water-power 8vo, 

Fuertes's Water and Public Health 12mo, 

Water-filtration Works 12mo, 

Ganguillet and Kutter's General Formula for the Uniform Flow of Water in 

Rivers and Other Channels. (Hering and Trautwine.) Svo, 

Hazen's Clean Water and How to Get It Large 12rao, 

Filtration of Public Water-sappliss Svo, 

Hazelhurst's Towers and Tanks for Water-works 8vo, 

Herschel's 1 15 Experiments on the Carrying Capacity of Large, Riveted, Metal 

Conduits Svo, 

Hoyt and Grover's River Discharge Svo, 

Hubbard and Kiersted's Water-works Management and Maintenance. 

Svo, 4 00 

* Lyndon's Development and Electrical Distribution of Water Power. 

Svo, 3 00 
Mason's Water-supply. (Considered Principally from a. Sanitary Stand- 
point. ) Svo, 

Merriman's Treatise on Hydraulics Svo, 

* Molitor's Hydraulics of Rivers, Weirs and Sluices Svo, 

* Morrison and Brodie's High Masonry Dam Design Svo, 

* Richards's Laboratory Notes on Industrial Water Analysis Svo, 

Schuyler's Reservoirs for Irrigation, Water-power, and Domestic Water- 
supply. Second Edition, Revised and Enlarged Large gvo, 

* Thomas and Watt's Improvement of Rivers 4to, 

Tumeaure and Russell's Public Water-supplies Svo, 

* Wegmann's Design and Construction of Dams. 6th Ed., enlarged 4to, 

Water-Supply of the City of New York from 1658 to 1S95 4to, 

Whipple's Value of Pure Water Large 12mo, 

Williams and Hazen's Hydraulic Tables Svo, 

Wilson's Irrigation Engineering Svo, 

Wood 's Turbines. Svo, 



MATERIALS OF ENGINEERING. 

Baker's Roads and Pavertients Svo, 5 00 

Treatise on Masonry Construction Svo, 5 00 

Black's United States Public Works Oblong 4to, 5 00 

Blanchard and Drowne's Highway Engineering. (In Press.) 

Bleininger's Manufacture of Hydraulic Cement. (In Preparation.) 

Bottler's Varnish Making. (Sabin.) (In Press.) 

Burr's Elasticity and Resistance of the Materials of Engineering Svo, 7 50 

Byrne's Highway Construction Svo, 5 00 

Inspection of the Materials and Workmanship Employed in Construction. 

16mo, 3 00 

Church's Mechanics of Engineering Svo, 6 00 

Mechanics of Solids (Being Parts I, II, III of Mechanics of Engineer- 
ing Svo, 4 50 

Du Bois's Mechanics of Engineering. 

Vol. I. Kinematics, Statics, Kinetics Small 4to, 7 50 

Vol. II. The Stresses in Framed Structures, Strength of Materials and 

Theory of Flexures . .■ . Small 4to, 10 00 

Eckel's Building Stones and Clays. (In Press.) 

* Cements, Limes, and Plasters Svo, 6 00 

Fowler's Ordinary Foundations Svo, 3 50 

* Greene's Structural Mechanics Svo, 2 50 

Holley's Analysis of Paint and Varnish Products. (In Press.) 

* Lead and Zinc Pigments Large 12mo, 3 00 

* Hubbard's Dust Preventives and Road Binders Svo, 3 00 
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Johnson's (C. M.) Rapid Methods for the Chemical Analysis of Special Steels. 

Steel-making Alloys and Graphite Large 12mo, $3 00 

Johnson's (J. B.) Materials of Construction .Large 8vo, 6 00 

Keep's Cast Iron 8vo, 2 50 

lyanza's AppUed Mechanics 8vo, 7 50 

Lowe's Paints for Steel Structures : 12mo, 1 00 

Maire's Modem Pigments and their Vehicles 12rao, 2 00 

Maurer's Technical Mechanics 8vo, 4 00 

Merrill's Stones for Building and Decoration 8vo, 5 00 

Merriman's Mechanics of Materials 8vo, 5 00 

* Strength of Materials 12mo, 1 00 

Metcalf's Steel. A Manual for Steel-users 12mo, 2 00 

Morrison's Highway Engineering ,,,.,,. 8vo, 2 50 

^ Murdock's Strength of Materials 12mo, 2 00 

Patton's Practical Treatise on Foundations 8vo, 5 00 

■Rice's Concrete Block Manufacture 8vo, 2 00 

Richardson's Modern Asphalt Pavement 8vo, 3 00 

Richey's Building Foreman's Pocket Book and Ready Reference. 16mo, mor. 5 00 

* Cement Workers' and Plasterers' Edition (Building Mechanics' Ready 

Reference Series) 16mo, mor. 1 50 

Handbook for Superintendents of Construction 16mo, mor. 4 00 

* Stone and Brick Masons' Edition (Building Mechanics' Ready 

Reference Series) 16mo, mor. 1 50 

* Ries's Clays: Their Occurrence. Properties, and Uses 8vo, 5 00 

* Ries and Leighton's History of the Clay-working Industry of the United 

States 8vo. 2 50 

.Sabin's Industrial and Artistic Technology of Paint and Varnish 8vo, 3 00 

* Smith's Strength of Material 12mo, 1 25 

Snow's Principal Species of Wood .* 8vo, 3 50 

Spalding's Hydraulic Cement 12mo, 2 00 

Text-book on Roads and Pavements 12mo, 2 00 

* Taylor and Thompson's Extracts on Reinforced Concrete Design 8vo. 2 00 

Treatise on Concrete, Plain and Reinforced 8vo, 5 00 

Thurston's Materials of Engineering. In Three Parts 8vo. 8 00 

Part I. Non-metallic Materials of Engineering and Metallurgy. . . . 8vo, 2 00 

Part I L Iroif and Steel 8vo. 3 50 

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Constituents 8vo, 2 50 

Tillson's Street Pavements and Paving Materials 8vo, 4 00 

Tumeaure and Maurer's Principles of Reinforced Concrete Construction. 

Second Edition, Revised and Enlarged 8vo. 3 50 

"Waterbury's Cement Laboratory Manual 12mo, 1 00 

Laboratory Manual for Testing Materials of Construction. (In Press.) a 
■Wood's (De V.) Treatise on the Resistance of Materials, and an Appendix on 

the Preservation of Timber 8vo. 2 00 

Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 

Steel 8vo. 4 00 

RAILWAY ENGINEERING. 

Andrews's Handbook for Street Railway Engineers 3X3 inches, mor. I 25 

Berg's Buildings and Structures of American Railroads 4to. 5 00 

Brooks's Handbook of Street Railroad Location 16mo. mor. 1 50 

-* Burt's Railway Station Service 12mo, 2 00 

Butts's Civil Engineer's Field-book 16mo. mor. 2 50 

Crandall's Railway and Other Earthwork Tables 8vo, 1 50 

Crandall and Barnes's Railroad Surveying 16mo, mor. 2 00 

* Crockett's Methods for Earthwork Computations 8vo, 1 50 

Dredge's History of the Pennsylvania Railroad. (1879) Paper. 5 00 

Fisher's Table of. Cubic Yards Cardboard, 25 

Godwin's Railroad Engineers' Field-book and Explorers' Guide., 16mo. mor. 2 50 
Hudson's Tables for Calculating the Cubic Contents of Excavations and Em- 
bankments 8vo. 1 00 

Ives and Hilts's Problems in Surveying. Railroad Surveying anJ Geodesy 

Ifimo. mor. 1 50 

MoUtor and Beard's Manual for Resident Engineers 16mo, 1 09 
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Nagle's Field Manual for Railroad Engineers 16mo, mor. $3 00 

* Orrock's Railroad Structures and Estimates 8vo, 

Philbrick's Field Manual for Engineers 16mo, mor. 

Raymond's Railroad Field Geometry 16mo, mor. 

Elements of Railroad Engineering 8vo, 

Railroad Engineer's Field Book. (In Preparation.) , 

Roberts' Track Formulas and Tables 16mo. mor. 

Searles's Field Engineering 16mo, mor. 

Railroad Spiral 16mo, mor. 

Taylor's Prismoidal Formute and Earthwork 8vo, 

Webb's Economics of Railroad Construction Large 12mo, 

Railroad Construction 16mo, mor. 

Wellington's Economic Theory of the Location of Railways Large 12mo, 

Wilson's Elements of Railroad-Track and Construction 12mo, 

DRAWING 

Barr and Wood's Kinematics of Machinery 8vo, 

* Bartlett's Mechanical Drawing Svo,' 

* " " " Abridged Ed 8vo,' 

* Bartlett and Johnson's Engineering Descriptive Geometry Svo, 

Blessing and Darling's Descriptive Geometry. (In Press.) 

Elements of Drawing. (In Press.) 

Coolidge's Manual of Drawing Svo, paper, 1 00 

Coolidge and Freeman's Elements of General Drafting for Jlechanical Engi- 
neers Oblong 4to. 

Durley 's Kinematics of Machines gvo, 

Emch's Introduction to Projective Geometry and its Application Svo, 

Hill's Text-book on Shades and Shadows, and Perspective Svo, 

Jamison's Advanced Mechanical Drawing Svo, 

Elements of Mechanical Drawing 8vo, 

Jones's Machine Design: 

Part I. Kinematics of Machinery Svo, 

Part II. Form, Strength, and Proportions of Parts Svo, 

* Kimball and Barr's Machine Design Svo, 

MacCord's Elements of Descriptive Geometry .• Svo, 

Kinematics ; or. Practical Mechanism Svo, 

Mechanical Drawing 4to, 

Velocity Diagrams Svo, 

McLeod's Descriptive Geometry Large 12mo, 

*'■ Mahan's Descriptive Geometry and Stone-cutting Svo, 

Industrial Drawing. (Thompson.) Svo, 

Moyer's Descriptive Geometry Svo, 

Reed's Topographical Drawing and Sketching 4to, 

* Reid's Mechanical Drawing. (Elementary and Advanced.) Svo, 

Text-book of Mechanical Drawing and Elementary Machine Design. .Svo, 

Robinson's Principles of Mechanism Svo, 

Schwamb and Merrill's Elements of Mechanism Svo, 

Smith (A. W.) and Marx's Machine Design , „ Svo, 

Smith's (R. S.) Manual of Topographical Drawing. (McMillan.) Svo,' 

* Titsworth's Elements of Mechanical Drawing Oblong Svo, 

Tracy and North's Descriptive Geometry. (In Press.) 

Warren's Elements of Descriptive Geometry, Shadows, and Perspective. .Svo, 

Elements of Machine Construction and Drawing Svo, 

Elements of Plane and Solid Free-hand Geometrical Drawing. . . . 12moi 

General Problems of Shades and Shadows Svo, 

Manual of Elementary Problems in the Linear Perspective of Forms and 

Shadow 12mo, 

Manual of Elementary Projection Drawing 12mo! 

Plane Problems in Elementary Geometry 12mo, 

Weisbach's Kinematics and Power of Transmission. (Hermann and 
Klein.) gvo. 

Wilson's (.H. M.) Topographic Surveying Svo, 

* Wilson's (V. T.) Descriptive Geometry 8vo[ 

Free-hand Lettering g^ro 

Free-hand Perspective gvo,' 

Woolf's Elementary Course in Descriptive Geometry Large Svo.' 

10 



2 


50 


4 


00 


2 


50 


2 


00 


2 


00 


2 


50 


1 


50 


3 


00 


3 


00 


3 


00 


5 00 


4 


00 


1 


50 


1 


50 


1 


50 


3 


SO 


■:< 


00 


S 


00 


9 


00 


3 


00 


3 


00 


3 


00 


3 


00 


2 


50 


1 


25 


3 


60 


7 


50 


1 


00 


3 


00 


1 


00 


1 


50 


1 


25 


5 


00 


3 50 


1 


50 


1 


00 


2 


50 


3 


00 



ELECTRICITY AND PHYSICS. 

* Abegg's Theory of Electrolytic Dissociation, (von Ende.") 12mo, SI 25 

Andrews's Hand-book for Street Railway Engineers 3X5 inches mor. 1 25 

i^nthony and Ball's Lecture-notes on the Theory of Electrical Measure- 
ments 12mo, 1 00 

Anthony and Brackett's Text-book of Physics. (Magie.). . . .Large 12mo, 3 00 

Benjamin's History of Electricity 8vo, 3 00 

Betts's Lead Refining and Electrolysis 8vo, 4 00 

Burgess and Le Chatelier's Measurement of High Temperatures. Third 

Edition. (In Press.) 

Classen's Quantitative Chemical Analysis by Electrolysis. (BoItwood.).8vo, 3 00 

* Collins's Manual of Wireless Telegraphy and Telephony 12mo, 1 50 

Crehore and Squier's Polarizing Photo-chronograph 8vo, 3 00 

* Danneel's Electrochemistry. (Merriam.) 12mo, 1 25 

Dawson's "Engineering" and Electric Traction Pocket-book. . . . 16mo, mor. 5 00 
Dolezalek's Theory of the Lead Accumulator (Storage Battery), (von Ende.) 

12mo. 2 50 

Duhem's Thermodynamics and Chemistry. (Burgess.) 8vo, 4 00 

Flather's Dynamometers, and the Measurement of Power 12mo, 3 00 

* Getman's Introduction to Physical Science 12mo, 1 50 

Gilbert's De Magnete. (Mottelay ) 8vo, 2 50 

* Hanchett's Alternating Currents 12mo, 1 00 

Hering's Ready Reference Tables (Conversion Factors) IGmo, mor, 2 50 

* Hobart and Ellis's High-speed Dynamo Electric Machinery ^ . .8vo, 6 00 

Holman's Precision of Measurements 8vo, 2 00 

Telescope-Mirror-scale Method, Adjustments, and Tests Large 8vo, 75 

* Hutchinson's High-Efficiency Electrical lUuminants and Illumination. 

Large 12mo, 2 50 
Jones's Electric Ignition. (In Press.) 
Karapetoff's Experimental Electrical Engineering: 

* Vol. 1 8vo, 3 50 

* Vol. n 8vo, 2 50 

Kinzbrunner's Testing of Continuous-current Machines 8vo, 2 00 

Landauer's Spectrum Analysis. (Tingle.) 8vo, 3 00 

Lob's Electrochemistry of Organic Compounds. (Lorenz.) 8vo, 3 00 

* Lyndon's Development and Electrical Distribution of Water Power. .8vo, 3 00 

* Lyons's Treatise on Electromagnetic Phenomena. Vols, I. and II. 8vo, each, 6 00 

* Michie's Elements of Wave Motion Relating to Sound and Light 8vo, 4 Oo 

* Morgan's Physical Chemistry for Electrical Engineers 12mo, 1 5f> 

* Norris's Introduction to the Study of Electrical Engineering 8vo. 2 50 

Norris and Dennison's Course of Problems on the Electrical Characteristics of 

Circuits and Machines. (In Press.) 

* Parshall and Hobart's Electric Machine Design 4to, half mor, 12 50 

Reagan's Locomotives: Simple, Compound, and Electric. New Edition. 

Large 12mo, 3 50 

* Rosenberg's Electrical Engineering. (Haldane Gee — Kinzbrunner.) . .8vo, 2 00 

Ryan, Norris, and Hoxie's Electrical Machinery. Vol. 1 8vo, 2 50 

Schapper's Laboratory Guide for Students in Physical Chemistry 12mo, 1 00 

* Tillman's Elementary Lessons in Heat 8vo,^ 1 50 

* Timbie's Elements of Electricity Large 12mo, 2 00 

Tory and Pitcher's Manual of Laboratory Physics Large 12mo, 2 00 

Ulke's Modem Electrolytic Copper Refining 8to, 3 00 

* Waters's Commercial Dynamo Design 8vo, 2 00 

LAW. 

* Brennan's Hand-book of Useful Legal Information for Business Men. 

16mo, mor. 6 00 

* Davis's Elements of Law 8vo, 2 50 

* Treatise on the Military Law of United States 8vo, 7 00 

* Dudley's Military Law and the Procedure of Courts-martial. . Large 12mo, 2 50 

Manual for Courts-martial 16mo, mor. 1 50 

Wait's Engineering and Architectural Jurisprudence 8vo, 6 00 

Sheep, 6 50 

Wait's Law of Contracts 8vo, 3^ 00 

U 



Wait's Law of Operations Preliminary to Construction in Engineering and 

Architecture 8vo, S5 00 

Sheep, 5 50 

MATHEMATICS. 

Baker's Elliptic Functions 8vo, 1 50 

Briggs's Elements of Plane Analytic Geometry. (B6cher.) 12mo, 1 00 

* Buchanan's Plane and Spherical Trigonometry 8vo, 1 00 

Byerly's Harmonic Functions 8vo, 1 00 

■Chandler's Elements of the Infinitesimal Calculus 12mo, 2 00 

* Coffin's Vector Analysis ^ 12mo, 2 50 

■Compton's Manual of Logarithmic Computations 12mo, 1 50 

* Dickson's College Algebra Large 12mo, 1 50 

* Introduction to the Theory of Algebraic Equations Large 12mo, 1 25 

Emch's Introduction to Projective Geometry and its Application 8vo, 2 50 

Fiske's Functions of a Complex Variable 8vo, 1 00 

Halsted's Elementary Synthetic Geometry 8vo, 1 50 

Elements of Geometry 8vo, 1 75 

* Rational Geometry ; 12mo, 1 50 

Synthetic Projective Geometry 8vo, 1 00 

* Hancock's Lectures on the Theory of Elliptic Functions 1 8vo, 5 00 

Hyde's Grassmann's Space Analysis 8vo, 1 00 

* Johnson's (J. B.) Three-place Logarithmic Tables: Vest-pocket size, paper, 15 

* 100 copies, 5 00 

* Mounted on heavy cardboard, 8 X 10 inches, 25 

* 10 copies, 2 00 
Johnson's (W. W.) Abridged Editions of Differential and Integral Calculus. 

Large 12mo, 1 vol. 2 50 

Curve Tracing in Cartesian Co-ordinates 12mo. 1 00 

Differential Equations 8vo, 1 00 

Elementary Treatise on Differential Calculus Large 12mo, 1 50 

Elementary Treatise on the Integral Calculus Large 12mo, 1 50 

* Theoretical Mechanics * 12mo, 3 00 

Theory of Errors and the Method of Least Squares 12mo, 1 50 

Treatise on Differential Calculus Large 12mo, 3 00 

Treatise on the Integral Calculus Large 12mo, 3 00 

Treatise on Ordinary and Partial Differential Equations. . .Large 12mo, 3 50 

* Karapetoff's Engineering Applications of Higher Mathematics. Large 12mo, 75 
Koch's Practical Mathematics. (In Press.) 

Laplace's Philosophical Essay on Probabilities. (Truscott and Emory.) . 12mo, 2 00 

* Le Messurier's Key to Professor W. W. Johnson's Differential Equations. 

Small 8vo, 1 75 

* Ludlow's Logarithmic and Trigonometric Tables 8vo, 1 00 

* Ludlow and Bass's Elements of Trigonometry and Logarithmic and Other 

Tables 8vo. 3 00 

* Trigonometry and Tables published separately. . : Each, 2 00 

Macfarlane's Vector Analysis and Quaternions 8vo, 1 00 

McMahon's Hyperbolic Functions Svo, 1 00 

Manning's Irrational Numbers and their Representation by Sequences and 

* Series 12mo, 1 25 

-Mathematical Monographs. Edited by Mansfield Merriman and Robert 

S. Woodward Octavo, each 1 00 

No. 1. History of Modem Mathematics, by David Eugene Smith. 
No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 
No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper- 
bolic Functions, by James McMahon. No. 5. Harmonic Func- 
tions, by William E. Byerly. No. 6. Grassmann's Space Analysis, 
by Edward W. Hyde. No. 7. Probability and Theory of Errors, 
by Robert S. Woodward. No. 8. Vector Analysis and Quaternions, 
by Alexander Macfarlane. No. 9. Differential Equations, by 
William Woolsey Johnson. No. 10. The Solution of Equations, 
by Mansfield Merriman. No. 11. Functions of a Complex Variable, 
by Thomas S. Fiske. 

-Maurer's Technical Mechanics Svo, 4 00 

JMerriman's Method of Least Squares Svo, 2 00 

Solution of Equations Svo, 1 00 

12 



=* Moritz's Elements of Plane Trigonometry 8vo, J2 00 

^ice and Johnson's Differential and Integral Calculus. 2 vols, in one. 

Large 12mo, 1 50 

Elementary Treatise on the Differential Calculus Large 12mo, 3 00 

Smith's History of Modem Mathematics 8vo, 1 00 

"* Veblen and Lennes's Introduction to the Real Infinitesimal Analysis of One 

Variable 8vo, 2 00 

* Waterbury's Vest Pocket Hand-book of Mathematics for Engineers. 

2tX5i inches, mbr. 100 

* Enlarged Edition, Including Tables mor. 1 50 

"Weld's Determinants 8vo, 1 00 

"Wood's Elements of Co-ordinate Geometry Svo, 2 00 

"Woodward's Probability and Theory of Errors Svo, 1 00 



MECHANICAL ENGINEERING. 



MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS. 



Bacon's Forge Practice 12mo, 

Baldwin's Steam Heating for Buildings 12mo, 

JBarr andj Wood's Kinematics of Machinery Svo, 

* Bartlett's Mechanical Drawing Svo, 

* " " " Abridged Ed Svo, 

* Bartlett and Johnson's Engineering Descriptive Geometry Svo, 

* Burr's Ancient and Modem Engineering and the Isthmian Canal Svo, 

„ "Carpenter's Heating and Ventilating Buildings Svo, 

"* Carpenter and Diederichs's Experimental Engineering Svo, 

* Clerk's The Gas, Petrol and Oil Engine Svo, 

Cor.ipton's First Lessons in Metal Working 12mo, 

Compton and De Groodt's Speed Lathe 12mo, 

Coolidge's Manual of Drawing Svo, paper, 

Coolidge and Freeman's Elements of General Drafting for Mechanical En- 
gineers Oblong 4to 

•Cromwell's Treatise on Belts and Pulleys 12mo 

Treatise on Toothed Gearing 12mo, 

Dingey's Machinery Pattern Making 12mo, 

Durley 's Kinematics of Machines Svo, 

Planders's Gear-cutting Machinery Large 12mG, 

Plather's Dynamometers and the Measurement of Power 12mo, 

Rope Driving 12mo, 

Gill's Gas and Fuel Analysis for Engineers 12mo, 

Goss's Locomotive Sparks Svo 

* Greene's Pumping Machinery Svo 

Hering's Ready Reference Tables (Conversion Factors) i6mo, mor. 

* Hobart and Ellis's High Speed Dynamo Electric Machinery Svo 

Button's Gas Engine Svo 

Jamison's Advanced Mechanical Drawing Svo 

Elements of Mechanical Drawing Svo 

Jones's Gas Engine 8vo 

Machine Design: 

Part I. Kinematics of Machinery Svo, 

Part II. Form, Strength, and Proportions of Parts Svo 

* Kaup's Machine Shop Practice Large 12mo, 

* Kent's Mechanical Engineer's Pocket-Book 16mo, mcr, 

Kerr's Power and Power Transmission Svo, 

■* Kimball and Barr's Machine Design » 8vo 

* King's Elements of the Mechanics of Materials and of Power of Trans- 

mission - 8vo, 

■* Lanza's Dynamics of Machinery Svo, 

Leonard's Machine Shop Tools and Methods Svo, 

* Levin's Gas Engine 8vOi 

* Lorenz's Modern Refrigerating Machinery. (Pope, Haven, and Dean). . Svo, 
MacCord's Kinematics; or. Practical Mechanism Svo, 

Mechanical Drawing 4to, 

Velocity Diagrams ■■ 8 



MacFarland's Standard Reduction Factors for Gases 8vo, $1 5(J 

Mahan's Industrial Drawing. (Thompson.) 8vo, 3 50 

Mehrtens's Gas Engine Theory and Design Large 12mo, 2 50 

Miller, Berry, and Riley's Problems in Thermodynamics and Heat Engineer- 

inj 8vo, paper, 75 

Oberg's Handbook of Small Tools Large 12mo, 2 50 

* Parshall and Hobart's Electric Machine Design. Small 4to, half leather, 12 50 

* Peele's Compressed Air Plant. Second Edition, Revised and Enlarged. 8vo, 3 50 
Perkins's General Thermodynamics. (In Press.) 

Poole's Calorific Power of Fuels Svo, 3 00 

* Porter's Engineering Reminiscences. 1855 to 1882 Svo, 3 00 

Randall's Treatise on Heat. (In Press.) 

* Reid's Mechanical Drawing. (Elementary and Advanced.) 8vo, 2 00 

Text-book of Mechanical Drawing and Elementary Machine Design. Svo, 3 00 

Richards's Compressed Air 12mo, 1 50 

Robinson's Principles of Mechanism Svo, 3 00 

Schwamb and Merrill's Elements of Mechanism Svo, 3 00 

Smith (A. W.) and Marx's Machine Design Svo, 3 00 

Smith's (O.) Press-working of Metals Svo. 3 00 

Sorel's Carbureting and Combustion in Alcohol Engines. (Woodward and 

Preston.) Large 12mo. 3 00 

Stone's Practical Testing of Gas and Gas Meters Svo, 3 50 

Thurston's Animal as a Machine and Prime Motor, and the Laws of Energetics. 

12mo, 1 00 

Treatise on Friction and Lost Work in Machinery and Mill Work. . .8vo, 3 00 

* Tillson's Complete Automobile Instructor 16mo, 1 50 

* Titsworth's Elements of Mechanical Drawing Oblong Svo, 1 25 

Warren's Elements of Machine Construction and Drawing Svo, 7 50 

* Waterbury's Vest Pocket Hand-book of Mathematics for Engineers. 

2i X 5^ inches, mor. 1 GO 

* Enlarged Edition, Including Tables mor. 1 31 

Weisbach's Kinematics and the Power of Transmission. (Herrmann — 

Klein.) Svo, 5 00 

Machinery of Transmission and Governors. (Hermann — Klein.). .Svo. 5 00 

Wood's Turbines 8vo, 2 50 

MATERIALS OF ENGINEERING. 

Burr's Elasticity and Resistance of the Materials of Engineering Svo, 7 53 

Church's Mechanics of Engineering Svo 6 03 

Mechanics of Solids (Being Parts I, IT, III of Mechanics uf Engineering). 

* ^ . r, ^^■'^- 4 50 

* Greene s Structural Mechanics gvo, 2 50 

HoUey's Analysis of Paint and Varnish Products. (In Press.) 

* Lead and Zinc Pigments Large 12mo. 3 00 

Johnson's (C. M.) Rapid Methods for the Chemical Analysis of Special 

Steels, Steel-Making Alloys and Graphite Large 12mo, 3 00 

Johnson's (J. B.) Materials of Construction Svo' 6 00 

Keep's Cast Iron gvo 2 50 

* King's Elements of the Mechanics of Materials and of Power of Trans- 

mission 8v^_ 2 50 

Lanza's Applied Mechanics gvo 7 50 

Lowe's Paints for Steel Structures 12mo! 1 00 

Maire's Modem Pigments and their Vehicles 12mo! 2 00 

Maurer's Technical Mechanics gvo' 4 00 

Merrlman's Mechanics of Materials 8vo' 5 00 

* Strength of Materials 12mo' 1 00 

Metcalf's Steel. A Manual for Steel-users 12mo' 2 00 

* Murdock's Strength of Materials 12moi 2 00 

Sabin's Industrial and Artistic Technology of Paint and Varnish. . . . . .Svo! 3 00 

Smith's (A. W.) Materials of Machines 12mo' 1 00 

* Smith's (H. E.) Strength of Material 12mo' 1 25 

Thurston's Materials of Engineering 3 vols., 8vo! S 00 

Part I. Non-metallic Materials of Engineering. Svo| 2 00 

Part II. Iron and Steel gvo' 3 50' 

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Constituents gvo 2 50' 

14 



Waterbury's Laboratory Manual for Testing Materials of Construction. 

(In Press.) 

Wood's (De V.) Elements of Analytical Mechanics 8vo, $3 00 

Treatise on the Resistance of Materials and an Appendix on the 

Preservation of Timber 8vo, 2 00 

Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 

Steel 8vo, 4 00 

STEAM-ENGINES AND BOILERS. 

Berry's Temperature-entropy Diagram, Third Edition Revised and En- 
larged 12mo, 

Camot's Reflections on the Motive Power of Heat. (Thurston.) 12mo, 

Chase's Art of Pattern Making 12mo, 

Creighton's Steam-engine and other Heat Motors Svg, 

Dawson's "Engineering" and Electric Traction Pocket-book. .. . Ibmo, mor. 

* Gebhardt's Steam Power Plant Engineering 8vo, 

Goss's Locomotive Performance Svo, 

Hemenway's Indicator Practice and Steam-engine Economy 12mo, 

Hirshfeld and Barnard's Heat Power Engineering. (In Press.) 

Hutton's Heat and Heat-engines Svo, 

Mechanical Engineering of Power Plants Svo, 

Kent's Steam Boiler Economy Svo, 

Kneass's Practice and Theory of the Injector Svo, 

MacCord's Slide-valves Svo, 

Meyer's Modem Locomotive Construction 4to, 

Miller, Berry, and Riley's Problems in Thermodynamics Svo, paper, 

Meyer's Steam Turbine Svo, 

Peabody's Manual of the Steam-engine Indicator 12mo, 

Tables of the Properties of Steam and Other Vapors and Temperature- 
Entropy Table Svo, 

Thermodynamics of the Steam-engine and Other Heat-engines. . . .Svo, 

* Thermodynamics of the Steam Turbine Svo, 

Valve-gears for Steam-engines Svo, 

Peabody and Miller's Steam-boilers Svo, 

Pupin's Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 

(Osterberg.) 12mo, 

Reagan's Locomotives; Simple, Compound, and Electric. New Edition. 

Large 12mo, 

Sinclair's Locomotive Engine Running and Management 12mo, 

Smart's Handbook of Engineering Laboratory Practice 12mo, 

Snow's Steam-boiler Practice Svo, 

Spangler's Notes on Thermodynamics 12mo, 

Valve-gears. Svo, 

Spangler, Greene, and Marshall's Elements of Steam-engineering Svo, 

Thomas's Steam-turbines Svo, 

Thurston's Handbook of Engine and Boiler Trials, and the Use of the Indi- 
cator and the Prony Brake Svo, 

Handy Tables Svo. 

Manual of Steam-boilers, their Designs, Construction, and Operation Svo, 

Manual of the Steam-engine 2 vols., Svo, 

Part I. History, Structure, and Theory Svo, 

Part II. Design, Construction, and Operation Svo, 

Wehrenfennig's Analysis and Softening of Boiler Feed-water. (Patterson ) 

Svo, 

Weisbach's Heat; Steam, and Steam-engines. (Du Bois.) Svo, 

Whitham's Steam-engine Design Svo. 

Wood's Thermodynamics, Heat Motors, and Refrigerating Machines. . .Svo, 

MECHANICS PURE AND APPLIED, 

Church's Mechanics of Engineering Svo, 6 00 

Mechanics of Fluids (Being Part IV of Mechanics of Engineering). .Svo, 3 00 

* Mechanics of Internal Works Svo, 1 50 

Mechanics of Solids (Being Parts I, II, III of Mechanics of Engineering). 

Svo, 4 50 
Notes and Examples in Mechanics Svo, 2 00 
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Daria's Text-book of Elementary Mechanics for Colleges and Schools .12mo, $1 5* 
Du Bois's Elementary Principles of Mechanicb: 

Vol. I. Kinematics 8vo, 3 5» 

Vol.11. Statics 8vo, 4 0(> 

Mechanics of Engineering. Vol. I Small 4to, < 5t) 

Vol. II Small 4to. 10 00 

* Greene's Structural Mechanics 8vo, 2 50 

* Hartmann's Elementary Mechanics for Engineering Students 12mo,. 1 — > 

James's Kinematics of a Point and the Rational Mechanics of a Particle. 

Large 12mo. 2 00 



* Johnson's CW. W.) Theoretical Mechanics 12mo, 



00' 

* King's Elements of the Mechanics of Materials and of Power of Trans- 

mission 8vo, 2 50. 

Lanza's Applied Mechanics »™. ' °" 

* Martin's Text Book on Mechanics, Vol. I, Statics 12mo, 1 -5 

1 50- 
1 5» 
4 00 
1 00 



* Vol. II. Kinematics and Kinetics 12mo, 

* Vol. III. Mechanics of Materials 12mo, 

Maurer's Technical Mechanics 8vo, 

* Merriman's Elements of Mechanics. '. 12mo, 

Mechanics of Materials 8vo, 5 (JO- 

* Michie's Elements of Analytical Mechanics 8vo 

Robinson's Principles of Mechanism 8vo, 

Sanborn's Mechanics Problems Large 12mo, 

Schwamb and Merrill's Elements of Mechanism 8vo, 

Wood's Elements of Analytical Mechanics 8vo, 3 0» 

Principles of Elementary Mechanics 12mo, 1 25. 



4 00 
3 OO 
1 50 
3 Oft 



MEDICAL. 

* Abderhalden's Physiological Chemistry in Thirty Lectures. (Hall and 

Defren.) 8™. SO* 

von Behring's Suppression of Tuberculosis. (Bolduan.) 12mo, 1 00- 

* Bolduan's Immune Sera 12mo, 1 5(> 

Bordet's Studies in Immunity. (Gay ) 8vo, 6 00 

* Chapin's The Sources and Modes of Infection Large 12rno, 3 CO 

Davenport's Statistical Methods with Special Reference to Biological Varia- 

tiQns 16mo, mor. 1 50 

Ehrlich's Collected Studies on Immunity (Bolduan.) Svo, 6 00' 

* Fischer's Nephritis Large 12mo. 2 50' 

* Oedema 8vo, 2 OO 

* Physiology of Alimentation Large 12mo, 2 00 

* de Fursac's Manual of Psychiatry. (Rosanoff and Collins.) .. .Large 12mo, 2 50 

* Hammarsten's Text-book on Physiological Chemistry. (Mandel.). ..8vo, 4 00 
Jackson's Directions for Laboratory Work in Physiological Chemistry. .8vo, 1 2& 

Lassar-Cohn's Praxis of Urinary Analysis. (Lorenz.) 12mo, 1 00 

Mandel's Hand-book for the Bio-Chemical Laboratory 12mo. 1 50 

* Nelson's Analysis of Drugs and Medicines 12mo. 3 00 

* Pauli's Physical Chemistry in the Service of Medicine. (Fischer.) ..12mo. 1 25 

* Pozzi-Escot's Toxins and Venoms and their Antibodies. (Cohn.). . 12mo. 1 00 

Rostoski's Serum Diagnosis. (Bolduan.) 12mo, 1 OO 

Ruddiman's Incompatibilities in Prescriptions Svo, 2 OO 

Whys in Pharmacy 12mo, 1 00 

Salkowski's Physiological and Pathological Chemistry. (Orndorff.) 8vo, 2 50 

* Satterlee's Outlines of Human Embryology. 12mo, 1 25 

Smith's Lecture Notes on Chemistry for Dental Students 8vo. 2 50 

* Whipple's Tyhpoid Fever Large 12mo, 3 00 

* WoodhuU's Military Hygiene for Officers of the Line Large 12mo, I so 

* Personal Hygiene 12mo, 1 00 

Worcester and Atkinson's Small Hospitals Establishment and Mamtenancc, 
and Suggestions for Hospital Architecture, with Plans for a Small 

Hospital 12mo, 1 25 

METALLURGY. 

Betts's Lead Refining by Electrolysis ;••••■■•■■• *^°; 4 00 

BoUand's Encyclopedia of Founding and Dictionary of Foundry Terms used 

in the Practice of Moulding 12mo, 3 qo 
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Iron Founder 12mo, 

" '* Supplement 12mo, 

* Borchers's Metallurgy. (Hall and Hay ward.) 8vo, 

Burgess and Le Chatelier's Measurement of High Temperatures. Third 

Edition. (In Press.) 

Douglas's Untechnical Addresses on Technical Subjects 12mo, 

Goesel's Minerals and Metals: A Reference Book 16mo, raor. 

* Iles's Lead-smelting 12mo, 

Johnson's Rapid Methods for the Chemical Analysis of Special Steels, 

Steel-making Alloys and Graphite Large 12mo, 

Keep's Cast Iron ' 8 vo, 

Mstcalf's Steel. A Manuaffor Steel-users 12mo, 

Minet's Production of Aluminum and its Industrial Use. (Waldo.). . 12mo,i 
Palmer's Foundry Practice. (In Press.) 

* Price and Meade's Technical Analysis of Brass 12mo, 

* Ruer's Elements of Metallography. (Mathewson.) 8vo, 

Smith's Materials of Machines 12mo, 

Tate and Stone's Foundry Practice 12mo, 

Thurston's Materials of Engineering. In Three Parts Svo, 8 00' 

Part I. Non-metallic Materials of Engineering, see Civil Engineering, 
page 9. 

Part II. Iron and Steel 8vo, 3 50 

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Constituents ^ Svo, 2 50' 

Ulke's Modern Electrolytic Copper Refining Svo, 3 00' 

West's American Foundry Practice 12mo, 2 50^ 

Moulders' Text Book 12mo. 2 50- 



MINERALOGY. 

Baskerville's Chemical Elements. (In Preparation.) 

* Browning's Introduction to the Rarer Elements Svo, 

Brush's Manual of Determinative Mineralogy. (Penfield.) Svo, 

Butler's Pocket Hand-book of Minerals .* 16mo, mor. 

Chester's Catalogue of Minerals Svo, oaper, 

Cloth, 

* Crane's Gold and Silver Svo, 

Dana's First Appendix to Dana's New "System of Mineralogy" . .Large Svo, 
Dana's Second Appendix to Dana's New " System of Mineralogy." 

Large Svo, 

Manual of Mineralogy and Petrography 12mo, 

Minerals and How to Study Them 12mo, 

System of Mineralogy '. .Large Svo, half leather, 

Text-book of Mineralogy Svo, 

Douglas's Untechnical Addresses on Technical Subjects 12mo, 

Eakle's Mineral Tables Svo, 

Eckel's Building Stones and Clays. (In Press.) 

Goesel's Minerals and Metals: A Reference Book 16mo, mor. 

* Groth's The Optical Properties of Crystals. (Jackson.) Svo, 

Groth's Introduction to Chemical Crystallography (Marshall) 12mo, 

* Hayes's Handbook for Field Geologists IGmo, mor. 

Iddings's Igneous Rocks Svo, 

Rock Minerals Svo, 

Johannsen's Determination of Rock-forming Minerals in Thin Sections. Svo, 

With Thumb Index 

* Martin's Laboratory Guide to Qualitative Anajysis with the Blow- 

pipe 12mo, 

Merrill's Non-metallic Minerals: Their Occurrence and Uses Svo, 

Stones for Building and Decoration Svo, 

* Penneld's Notes on Determinative Mineralogy and Record of Mineral Tests. 

Svo, paper, 

Tables of Minerals, Including the Use of Minerals and Statistics of 

Domestic Production Svo, 

* Pirsson's Rocks and Rock Minerals 12mo, 

* Richards's Synopsis of Mineral Characters 12mo, mor. 

* Ries's Clays: Their Occurrence, Properties and Uses Svo, 

17 
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* Ries and Leighton's History of the Clay-working inaustry of the United 

States : 8vo, $2 50 

* Rowe's Practical Mineralogy Simplified 12mo, 1 23 

* Tillman's Text-book of Important Minerals and Rocks 8v(^-, 2 00 

Washington's Manual of the Chemical Analysis of Rocks 8vo, 2 00 

MINING. 

* Beard's Mine Gases and Explosions Large 12rar* ^3 00 

* Crane's Gold and Silver 8vu 5 00 

* Index of Mining Engineering Literature 8vo, 4 00 

* Svo, mor. 5 00 

* Ore Mining Methods Svo,. 3 00 

* Dana and Saunders's Rock DriUing 8vo, 4 GO 

Douglas's Untechnical Addresses on Technical Subjects 12mo, 1 00 

Eissler's Modern High Explosives 8vo, 4 00 

Goesel's Minerals and Metals: A Reference Book 16mo, mor, 3 00 

Ihlseng's Manual of Mining 8vo, 5 00 

* Iles's Lead Smelting 12mo, 2 50 

* Peele's Compressed Air Plant Svo, 3 50 

Riemer's Shaft Sinking Under Difficult Conditions. (Corning and Peele. i8vo, 3 00 

* Weaver's Military Explosives 8vo, 3 00 

Wilson's Hydraulic and Placer Mining. 2d edition, rewritten 12mo. 2 50 

Treatise on Practical and Theoretical Mine Ventilation 12mo, 1 25 

SANITARY SCIENCE. 

Association of State and National Food and Dairy Departments, Hartford 

Meeting, 1906 Svo, 

Jamestown Meeting, 1907 Svo, 

* Bashore's Outlines of Practical Sanitation 12mo, 

Sanitation of a Country House 12mo, 

Sanitation of Recreation Camps and Parks 12mo, 

* Chapin's The Sources and Modes of Infection Large 12mo, 

Folwell's Sewerage. (Designing, Construction, and Maintenance.) Svo, 

Water-supply Engineering Svo, 

Fowler's Sewage Works Analyses 12mo, 

Ftiertes's Water-filtration Works 12mo, 

Water and Public Health 12mo, 

Gerhard's Guide to Sanitary Inspections 12mo, 

* Modem Baths and Bath Houses ' Svo, 

Sanitation of Public Buildings 1 2mo, 

* The Water Supply, Sewerage, and Plumbing of Modern City Buil.iin^s. 

Svo, 

Hazen's Clean Water and How to Get It Large 12mo, 

Filtration of Public Water-supplies Svo, 

* Kinnicutt, Winslow and Pratt's Sewage Disposal Svo, 

Leach's Inspection and Analysis of Food with Special Reference to State 

Control 8vo, 

Mason's Examination of Water. (Chemical and Bacteriological) 12mo, 

Water-supply. (Considered principally from a Sanitary Standpoint). 

Svo, 

* Mast's Light and the Behavior of Organisms Large 12mo, 

* Merriman's Elements of Sanitary Engineering 8vo, 

Ogden's Sewer Construction Svo, 

Sewer Design 12mo, 

Parsons's Disposal of Municipal Refuse Svo, 

Prescott and Winslow's Elements of Water Bacteriology, with Special Refer- 
ence to Sanitary Water Analysis 12mo, 

* Price's Handbook on Sanitation 12mo. 

Richards's Conservation by Sanitation Svo, 

Cost of Cleanness 12mo, 

Cost of Food. A Study in Dietaries 12mo, 

Cost of Living as Modified by Sanitary Science 12mo, 

Cost of Shelter 12mo, 

* Richards and Williams's Dietary Computer Svo, 

18 
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3lichards and Woodman's Air. Water, and Food from a Sanitary Stand- 
point gvo, $2 00 

* Richey's Plumbers', Steam-fitters', and Tinners' Edition (Building 

Mechanics' Ready Reference Series) 16mo, mor. 

Rideal's Disinfection and the Preservation of Food 8vo, 

"Soper's Ail and Ventilation of Subways 12mo, 

Tui/ieaure and Russell's Public Water-supplies 8vo, 

Vertable's Garbage Crematories in America 8vo, 

Mf^hod and Devices for Bacterial Treatment of Sewage 8vo, 

Ward a> ^ Whipple's Freshwater Biology. (In Press.) 

Whjpplt .s Microscopy of Drinking-water 8vo, 

', * Typhoid Fever. . '. Large 12mo, 

Value of Pure Water Large 12mo, 

V'inslow's Systematic Relationship of the Coccace^e Large 12mo, 

MISCELLANEOUS. 

* Burt's Railway Station Service 12mo, 

* Chapin's How to Enamel 12mo, 

Emmons's Geological Guide-book of the Rocky Mountain Excursion of the 

International Congress of Geologists Large 8vo, 

Ferrel's Popular Treatise on the Winds gvo, 

Fitzgerald's Boston Machinist 18mo, 

* Fritz, Autobiography of John 8vo, 

GanBett's Statistical Abstract of the World '. . . , 24mQ[ 

Haines's American Railway Management 12mo, 

Hanausek's The Microscopy of Technical Products. (Winton) 8vo, 

Jacobs's Betterment Briefs. A Collection of Published Papers on Or- 
ganized Industrial Efficiency 8vo, 

Metcalfe's Cost of Manufactures, and the Administration of Workshops.. 8 vo, 

Putnam's Nautical Charts ; Svo, 

Ricketts's History of Rensselaer Polytechnic Institute 1824-1894. 

Large 12mo, 

* Rotch and Palm.er's Charts of the Atmosphere for Aeronauts and Aviators. 

Oblong 4to, 

Rofherham's Emphasised New Testament Large 8vo, 

Rist's Ex-Meridian Altitude, Azimuth and Star-finding Tables Svo 

Stitndage's Decoration of Wood, Glass, Metal, etc , 12mo 

Thome's Structural and Physiological Botany. (Bennett) 16mo, 

Westermaier's Compendium of General Botany. (Schneider) 8vo, 

Wnatow's Elements of Applied Microscopy 12mo, 

HEBREW AND CHALDEE TEXT-BOOKS. 

Gesenius's Hebrew and Chaldee Lexicon to the Old Testament Scriptures. 

(Tregeiles.) Small 4to, half mor, 5 00 

Green's Elementary Hebrew Grammar 12mo, 1 25 



1 


50 


4 


00 


2 


50 


5 


00 


2 


00 


3 


00 


3 


50 


3 


00 


1 


00 


2 


50 


2 


00 


1 


00 


1 


50 


4 


00 


1 


00 




75 


2 


50 


5 


00 


3 


SO 


5 


00 


2 


00 


3 


00 


2 


00 


2 


00 


5 


00 


2 


00 


2 


25 


2 


00 


1 


60 



19 



